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ABSTRACT

The AdS/CFT correspondence proposes a duality between a gravitational theory in a
(d+1)-dimensional anti-de Sitter (AdS) spacetime and a conformal field theory (CFT) living
on its d-dimensional boundary. This work introduces the foundational ingredients of the
correspondence through a detailed study of the geometry of AdS spacetimes and the symme-
try structures of conformal field theories, particularly in two dimensions, where enhanced
symmetry allows sometimes exact results. On the gravity side, the focus lies on maximally
symmetric solutions to Einstein’s equations with negative cosmological constant, coordi-
nate charts, and boundary structure. On the field theory side, conformal symmetry, primary
fields, correlation functions, Ward identities, and the operator formalism are developed in
detail.

A key theme of the thesis is the geometric underpinning of the correspondence, with
an empbhasis on the role of Riemannian and conformal geometry. In particular, the Fefter-
man-Graham ambient metric construction is presented as a formal geometric justification
for this holographic setup. The AdS/CFT dictionary is explored via the GKP-Witten pre-
scription and the behaviour of bulk fields near the boundary. Applications include the study
of strongly coupled gauge theories and black hole thermodynamics using dual weakly cou-
pled gravitational theories.

This project, while motivated by physics, is approached with a mathematical inclination,
seeking to understand the geometrical content underlying AdS/CFT and to place the corre-

spondence within the broader interactions of geometric structures in mathematical physics.
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Chapter 1

Introduction

Holography is the idea that physics in d + 1 dimensions can be understood by a theory at
infinity (a *hologram at infinity’) in d or fewer dimensions. In the context of AdS/CFT, it
is conjectured that the AdS bulk gravity theory is related to a conformal field theory (CFT)
on the boundary. Spaces like spheres and planes are heavily studied because they possess
maximal symmetry where the number of isometries (metric-preserving transformations) is
maximum. One such generalisation of these spaces is the negatively curved A4dss space, which
also solves Einstein’s equations in a vacuum. It has been very fruitful to consider this space in
string theoretical studies. On the other hand, we have scale invariance, which is a subgroup
of the larger symmetry of conformal invariance. Conformal transformations are essentially
angle-preserving transformations, i.e. they affect the metric only up to a scale factor. This
symmetry, for example, is seen in many statistical systems near the critical point, and is the
main content of conformal field theories. The goal of this thesis has been to understand fun-
damental elements behind AdS/CFT Correspondence, namely, the geometry of Ads space-
time, Conformal field theory (CFT), the prescription to relate quantum theories in the bulk
and boundary of AdS, along with some geometric aspects of manifolds in the context of
AdS/CFT.

Chapter 2 introduces formally the Riemannian structure on smooth manifolds and fun-
damental geometric tools like connections and curvature. Towards the end, we identify one
of the crucial conformal contents of the Riemannian geometry - the Weyl Tensor (and the
Cotton tensor). In the context of AdS/CFT, as we will see, conformal geometry is in particu-

lar relevant, where the objects are manifolds that possess a class of Riemannian metrics rather



1 Introduction

than a unique one. We discussed this connection in the last chapter. Chapter 3 exposes the
Anti-de Sitter space in all its symmetries and coordinate forms of the metric. Importantly,
there is the notion of (conformal) boundary structure of Ads. With this, studying Confor-
mal Field theory becomes natural on the boundary, and chapters 4,5,6 discuss the structure
of this theory in general and 2 dimensions. CFTs in 2 dimensions are very powerful with
higher symmetries and solvable (sometimes exactly) in nature. Given an understanding of
conformal transformations in 2 dimensions, we relate these back to isometries on Ad.S5 in
chapter 7. Chapter 8 lays out the conjecture via two proposed prescriptions along with the
subtleties that occur in Lorentzian signatures to compute the correlation functions on the
boundary CFT.

Central to the geometric interaction with AdS/CFT is the theory of conformal invari-
ants which is the subject of Chapter 9. The ambient metric construction due to Fefferman
and Graham (FG) is also discussed, which laid out the foundations in conformal geometry
and has also played an important role in the development of AdS/CFT holography. It’s the

formal underlying reason why AdS/CFT correspondence makes sense.
Guiding Principles

In this drama of mathematics and physics, which fertilise each other in the dark,
but which prefer to deny and misconstrue each other face to face—I cannot, however,
resist playing the role of a messenger, albeit, as I have abundantly learned, often

an unwelcome one. (Hermann Weyl (1928))

Now, nearly a century later, with the advent of gauge theory, string theory, twistor theory,
etc., the interaction between mathematics and physics is more ripe than ever. After a seem-
ingly large evolution of both the fields independently and divergently, the late 20th century

has brought back the interactions beyond the fundamentals as we now know them. Wide



1 Introduction

areas of mathematics and Physics have now remarkable connections in geometry (algebraic
and differential), topology and even number theory. It is in this spirit that some of the work
in this thesis is carried out. After a semester and a half work on understanding AdS, CFT and
AdS/CFT correspondence from the physics point of view, the goal was shifted to connect
these areas to mathematical literature considering the author’s current interests to pursue
research in mathematics. Any such effort to connect AdS/CFT to mathematics involves an
understanding of the basics of the Geometry of Manifolds. Thus, most of the work after the
shift in goals had gone into understanding the geometric tools. The existing connection in

this setting is discussed briefly in the last chapter.



Chapter 2

Riemannian Geometry

The geometry in 2-dimensions is fully established, chiefly due to Gauss. Riemann laid out
the foundations for studying curved geometry in higher dimensions, which has played a rev-
olutionary part in understanding gravitational physics, along with establishing modern dif-
ferential geometry. The inner product on the Euclidean space R” (the dot product) is the
primary tool to probe the geometry. The starting point is the generalisation of this notion

to manifolds by smoothly assigning an inner product to the tangent space at each point.

Definition 2.0.1. 4 Riemannian manifold (M, g) is a smooth manifold M with a Fu-
clidean inner product gpon each tangent space M of M. We assume that the map p »
is smooth i.¢ for all vector fields X, Y € X(M), g, (X > }ip) is smooth for all p € M.

So, g is essentially a smooth 2-tensor field of the tensor bundle T©2) (T M) (usually
written ¢ € 72 (M) ) whose value gp forall p € M is a symmetric, bi-linear and positive
definite 2-tensor on 73 M (i.e. an inner product of 7p M ). It is referred to as Riemannian
metric or simply metric.

All manifolds are locally Euclidean. All Riemannian manifolds are also pointwise Eu-
clidean in the sense that any inner product spaces of the same dimension (here 7, A1) are
isometric to each other (due to Gram-Schimdt orthogonalization) and thus to R” with the

canonical inner product.

Example 2.0.1. (R”, gg») is a Riemannian Manifold. The tangent bundle 7R” is just R” X

R” and we can use the standard inner product to define the Riemannian structure g,

ger ((p,0)s (pow)) = 0w,

4



2 Riemannian Geometry

Definition 2.0.2. A Riemannian isomtery between Riemannian manifold (M, gpr) and

(N, gN) is a diffeomorphism F : M — N such that F* gn = g, t.e.
Fgn(v,w) = gn (E(v), E(w)) = gar (0, w)

for all tangent vecrors v,w € TpM and p € M. In this case, F ~L 45 also an isometry.

Example 2.0.2. Any finite-dimensional vector space / (which has a manifold structure by
decalring the canonical map ¢ : /7 — R” to be a homeomorphism) can be made into a

Riemannian manifold with the following canonical metric,

g((p:o), (pw)) =v-w
where we have used 7,/ = V forallw € /.
Any two such Riemannian manifolds (V, gV) R (W, gw) of same dimension are isomet-
ric! This is because there is always a linear isometry F : /' — W between V" and W which
is easily seen to be a Riemannian isometry. So, (R”, gg») is the only Riemannian manifold

of the above type (upto isometries).

Let M is a manifold and (N, gx) is 2 Riemannian manifold. If ¥ : M — N isan
immersion (or an embedding) then it is possible to take pullback of the metric that defines

an inner product on the tangent spaces of /1,

gm (v, w) = gn (E(v), E(w)) .

This is an inner product because gas (v,0) = 0 & FE(@) =0 & v =0.
Note that the above push forward vector fields is just an abuse of notation. Pushforwards
of vector fields are defined under special conditions (diffeomorphism or F-relatedness). But

since pullback of forms is always defined, it is tempting to write pointwise pushforward of

5



2 Riemannian Geometry

tangent vectors as the pushforward of the vectorfield itself. We don’t need a smooth vector
field on M to define the form on 1.
We thus have,

Definition 2.0.3. A4 Riemannian immersion (embedding) is an immersion (embedding) F

M — N such that gar = F* gn. They are also called isometric immersions.

Example 2.0.3. Let’s consider S”(R) = {x € R™! | |x| = R}, the Euclidean sphere of
radius R. We can induce a metric on §” by embedding §” — R”*1 This is the canonical

metric on S”.

Let’s debunk the Zsometry in isometric immersions.

Between R¥ and R” there are immersions like

f(xt,..,x) = (%1, ..,%,0,...,0) or f (21,...,%) = (x1,...,4,1,...,—1) and
several more which are all also isometries!

But there are also other immersions.

1. Unitspeed curvec : R — R?, |¢(2)| = 1is a Riemannian immersion,

¢ gz (2, B) = gra (aé(2), Bé(2))
= 2B gz (¢(2),¢(2))
=af =gz (2 f).
which need not be distance preserving! For example consider,
t +— (cost,sin t)

the (Riemannian) immersion of R onto S'. Similarly, consider an embedding, R <>

R2 as follows:

t - (log(t+\/1+t2),\/1+t2)

6



2 Riemannian Geometry

2. The above examples allows us to construct a more general class of isomteric immer-

sions which are not distance preserving. For example,

F:RF — RF*!

(xl,...,xk) — F ((xl, .. .,xk)) = (c(xl),xz,...,xk).

where c is the unit speed curve from R to R*. We can realize cylinder as a Riemannian
immersion in R3 something like a half cylinder (a plane bent in a direction) as an em-
bedding in R3. These are not distance preserving maps but in the sense of curvature
these are just same as R%. A cylinder can be unrolled into a plane. They have a zero
Gaussian curvature! Much of the efforts soon would be to make such arguments in

higher dimensions and on abstract spaces.

There is also a concept of Riemannian Submersions, which we will skip.

Definition 2.0.4. A semi- or pseudo-Riemannian manifold is a maniofl with smoothly vary-

ing symmetric, bi-linear and non-degerate 2-form g on each tangent space.

By non-degenrate, we mean: For each v € T,M there exists w € T,M such that
g(v,w) # 0. This is generalization of the Riemannian metric where we had g(v,v) > 0

for v # 0 (positive definite) satistying the above condition.

Lemma 2.0.1. Each tangent space Ty M of a semi-Riemannian manifold (M, g) admits a
decomposition,

T,M=P&N

such that g is positive definite on P and negative definite on N. These subspaces are not

unique but their dimension is well-defined.

Definition 2.0.5. The index of a connected semi-Riemannian manifold is defined as the

dimension of the subspace N on which g is negative definite.

7



2 Riemannian Geometry

Example 2.0.4. Let z = n1 + n2 and R”v”2 = R™ X R”2. There is a trivial decomposition,

R”172 = R™ @ R”2, Over which we can define a semi-Riemannian metric of index 7, as,

g ((P; U), (]7’ LU)) =01-wW1 — 02 W

Minkowski space-time is a 1-index semi-Riemannian manifold R™1

Example 2.0.5. The family of Hyperbolic spaces H”(R) ¢ R™1,
The hyperboloids embedded in R™1 are defined by,

(X1)2+"'+(Xn)2— (xn+1)2: —RZ.

We denote the branch with x”*! > 0 by H"(R).
Infact R”*! induces a Riemannian metricon H”(R). Ifv = (v, ..., 0", v™*) € T,H"(R), p €

H"(T) then since H”(R) is a level set, we have

v1p1+.__+vnpn_vn+1pn+1:O.

So,
ge () (0,0) = (01)2 T (Un+1pn+1)2.

and one can show using Cauchy-Shwarz that this is positive definite. H” = H (1) is

usually called the hyperbolic n-space.

Note that in Euclidean space, we could write the volume of parallelopiped formed by

n-vectors as,

vol(v1,...,0,) = det[g(vie;)] =detv1,...,0,]
which is valid over any other positively oriented orthonormal basis.

8



2 Riemannian Geometry

Definition 2.0.6. Wedefine the volume form for any oriented Riemannian manifold (M, g)

to be the n-form given by,

voly(v1,...,0,) =vol(v1,...,0,) = det[g(v;,e;)]

whereer, . . ., e, isany positively oriented orthonormal basis. If the manifold is not oriented
or orientable then we can use Ey, . . ., E, an orthogonal local frame on M and declare it to be

positive and define the volume form locally by,

vol(Xy,...,X,) = det[g(X;, E;)].

The height of arbitrary vector X in the ith coordinate is given by vol(Ey, ..., X, ..., E,) =
g(X) EZ) .

2.1 Isometry Groups

For a Riemannian manifold (A, ¢) we denote the group of Riemannian isometries F :

(M, g) — (M, g) by Iso(M, g) or Iso(M)

Definition 2.1.1. The isotropy at p denoted by Is0,(M, g) is the (stabilizer) subgroup of
Iso(M, g) such that F(p) = p.

It is easy to see that the isotropy is a subgroup of /so. The differential of any isometry

will be an orthogonal matrix (locally) which form a subgroup of GL (7, R”).

Definition 2.1.2. A4 Riemannian manifold is said to be homogenous if its isometry group acts

transitively, i.e. for any p,q € M,3F € Iso(M, g) such that F(p) = q.

Example 2.1.1. The isometry group of the Euclidean space R” is given by,
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Iso(M,g)=R"=O(n)={F :R" > R" | F(x) =v+Ox,v € R",0 € O(n)}

& :Note that F isadifecomorphism. And the differential map £ is just the orthogonal
matrix O € O(n), which preserves the inner product.
= : Suppose F is an arbitrary isometry. Then G(x) = F(x)—F(0) also defines an isometry
(the differential is unchanged). Consider also the map G.o(x) = G.ox, x € R”. G, € O(n),
since Lo € O(n). So, G and G, are both Riemannian Isometries with G(0) = G.((0)
and same differentials at 0. By a uniqueness result of Riemannian isometries, G = G,o.
Thus Zs09(R”) = O(n). Same is true for any point p € R”. And F(x) is thus of the form
F(0) + Ox, for some F(0) € R”, 0 € O(n). So,R” = Iso0/I50,!

Lemma 2.1.1. Any homogenous space M = Iso(M)[Is0,(M).

Proof. At the level of sets, this is clear. Just map [F] = {G € [so | F = G € Iso,} €
Iso/Iso, — F(p) € M which is well defined. And since for any g € M (and given
p € M), we have by homogenity, F' € Is5o0 such that F(p) = g. Somap g — [F]. m|

Example 2.1.2. For spheres S”(R) c R**1,

Is0 (S"(R), gsn(r)) = O(n+1) = Isog (R”+1,an+1)

&= : Since we induce the metric on S”?(R) from R™*!, O(z + 1) being the isometry
group of R**! is also an isometry subgroup of S*(R).
= : Consider an arbitrary isometry £ € I50(S5”(R)). We can construct an orthogonal

matrix out of this isometry,

@)

1
EF(RQ) Ere(€2) -+ ERe(ens1) | -

10



2 Riemannian Geometry

To see this, note:
o Tr.S” = F(Rey)*. So, Ee, (¢;) L F(Rey).

o {¢;}i=2, n+1 formsabasis for Tg,, S”(R) for the same reason as above. And since £ is

alinear isometry, { £, (¢;) }i=2,....»+1 forms an orthonormal basis for Tr(g.,)S”(R).

So, O € O(z + 1) and defines a Riemannian Isometry satistying O(Re1) = F(Rep) and
E.re, = Ogre, = O. Thus by uniqueness result, we must have = O € O(n + 1).

Here, we find that 750, (5" (R)) = O(n) forany p € §*(R). And §” =~ O(n+1)/0(n).

Example 2.1.3. Similarly for the Hyperbolic spaces H”(R) one can show that,

Iso(H"(R)) = 0% (n, 1)

where O*(#, 1) is the subgroup of O(#, 1) = {L (R R | (Lo, Lv) = g(o, v)}
which preserve the condition x*! > 0. The isotropy group is again given by O(#), and

O*(n + 1) acts on H”(R) transitively. So, H"(R) = O (n +1)/O(n).

2.2 Local Expression of Metrics

For a Riemannian manifold (M, ¢),if X —1,..., X, forms alocal frame over an open set

U of M, we can use the dual frame (coframe) 1, ..., 7" to represent the metric locally as,

g,0) = ¢ (¢ )X, 07 ()X,
=g (X,-, XJ-) o'l'o'j.
We have identified the components of v = v* X; as v’ = ¢’ (v) usign the dual basis.

We thus have the following frame representation of a metric,

11



2 Riemannian Geometry

g=g (Xl‘, XJ‘) r®oxl = gij Jz'gmal'a'f.

This defines a symmetric positive definite matrix [ g; /].
In particular, onany chart (U, x1, . . ., x,) we can use the coordinate 1-forms dxy, . . ., dx,

which forms a local frame of M to write the metric as

g=g (&,~, 81-) dx' ® dx’ = gi]-dxidxf

Example 2.2.1. The canonical metric on R” in the identity chart can be expressed as,

n

g= é\lj-dxidxf = Z (dxz')z.

=1

Example 2.2.2. On R? we can write the metric in polar charts in a region excluding a half-
line (say positive X-axis),

g= dr* + r*do>.

This follows immediately from the relation with cartesian charts, x = rcos§, y = rsin d.

and ¢ = dx? + dyz.

Example 2.2.3 (Surface of revolution in R3). Starting with an injective profile curve ¢ :

open

I C R—>R3givenby
c(2) = (r(2),0,2(2)) ,

where 7(#) > 0, we can define the surface of revolution via,

(£,0) = f(t,0) = (r(¢) cos 8, r(t)sin g, 2(¢)) .

12
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Denote, X = £ (R?)

In neighborhoods of points where f is an immersion, we can pushforward the vector
fields (since f is injective), d, dp to X defining a natural dual local frame, dt, d9 on X. We
can then induce the metric on X in this frame using the Euclidean metric dx*+d yz + dz?
of R3. This is easy since we already have, x(z, ), y(¢, 9), 2(¢, §). We find,

g= (7% + £2)dr* + r*d6>.
If we parametrize the curve by arc length i.e P2zt =1 = || <1,
g= dr? + r*do>.

We can define a broader class of metric of above type on a manifold 7 x 1, using the

frame 9;, dy and coframe dt, d?,
g= ;72(t)dt2 + ,oz(t)dﬁz,

which do not necessarily arise from surface of revolution.

We can generalize this to metricson 7 X § n=1 of type
g= dr* + ,oz(t)dxi_l

where dsi_l is the canonical metric on $”~1. Smoothness of the metric at the origin of R” for
cases where p(0) = 0 however needs futher analysis, and conditions on p(#) can be derived.
Such metrics are called rotationally symmetric.
Fundamental examples for such metrics can be realised over the manifolds which we dis-

cussed above with O(z) C Iso.

Example 2.2.4 (Hyperbolic, Euclidean, Spherical spaces in one sweep). S?(R) is a surface

of revolution of the following curve (circle),

o 1o 5] cs(2])

13
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So the metric induced is,

dr* + R?sin? (%) deo’.

By letting R — 7R, we can also rewrite this as

dr* + R? sinhz(%)dﬁz.

which precisely comes from the revolution of the curve

t— R (sinh (%) ,0, cosh (%))

induced by the standard metric on R21,

We can identify the functions p(#) in the above cases with the unique solution to,

() +x(2) =0
x(0)=0
%(0) = 1.
depending on the sign of £. Denote the solutions as 57,

We thus write the 1-parameter family of metrics

dr* + mi(t)dé’z
which corresponds to the following rotationally symmetric spaces depending on the value

of £

S? (ﬁ) k>0
IxS? l‘mngtry R? k=0
H? (\/%_k) k< O0.

14



2 Riemannian Geometry

This holds true even when we consider the generalized metrics of type,

2 2 2
de” +sni(¢)ds,_;

on [ x S*°1,

2.3 Musical Isomorphisms

Using the metric, one can define isomorphisms between tensors of ranks (s, £) and (s — &, £ + k)
wheres—k > 0,24k > 0. Thisis essentially because 74 = T M as Riemannian manifolds
(also). A vector v € T'M can be mapped to g(v,.) € T*M.

Suppose { £;} is a frame of 7'M and {¢;} its coframe.

Let’s find the covector corresponding to E; defined by the above isomorphism. Call it

E".

El0) =g (Eno) =g (E EJ-) 77 (v).

So, E; — gl-jaf.
And similarly, let o’ be mapped to vec’, such that g (veci, v) = o’ (v) for all vector fields

v of T M. In particular,

vec’jg (E]-,Ek) = 5/21'

vec = g"f'.

where we have denoted the inverse of ¢ with upper indices.

So, 0" — gV E;.

This way we can raise and lower indices of any (s, £) tensor in T ) (M) which can also
be uniquely written as a (s — &, # — k) tensor for each k. Let’s see this formally through ex-

amples.

15
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Example 2.3.1. Considera(1,1) tensor Ri¢ = RZ'C;.E[(X)O'] . This can equally be represented

by a (0,2) tensor,
Ric= Rz'cl-jo*i ® /.

where Ric;; is obtained by mapping E;, E; to its covectors. That is, Ri¢ ik = Rz'c; gik- We

can also represent it as a (2, 0) tensor as,

Ric=Ric"E; ® E;

= Rz’czgkjEi ® E;.

Example 2.3.2. Consider a (1,3) tensor R = R; uLi ® 7/ ® o* ® . This has following
equivalent representations,

As (0,4) tensor,

R=R,ur"®c/ @t ®d

= R;./dgimo'm ®c/ @@

As a(2,2) tensor,

R=RI'E;®E,®c"®d’

=Ry g E® @t © 0.

One could have raised the other indices instad as well which defines another (2,2) tensor

representation,

16
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R=RIE;®c/ ®E,®0

= Rj.klgkmEi ®s/ @ E,®c.

But all such (2,2) representations are same in the sense that they eat two vectors and two

covectors.

To summarise, the metric allows us to define the isomorphisms TEN(M) = The=R) (Ar),
And turther, there is an ordering difficulty for any tensor TS (M). We can be more careful
by using a positional notation.

In the above example, the two (2,2) tensor representations can be written more carefully

as,

R=R™ E;®FE,®s®d

R=R /" E®s/ §E,80c'

Contractions.

We can also contract indices by taking the trace of tensors.

Fora(1,1) tensor 7" = 7}?'E1' ® o/ thisis just C(7") = T}. For the (0,2) or (2,0) represen-
tation of 7', we can convert this to (1,1) representation first and then take trace, C(7T) =
Ti;g”7 = TY g;; = T!. These equalities immediately follow from the relations between
T]?', TY9,T.

Inner product of tensors.

The Euclidean norm can be defined by, |T'| = ¢ (T o T*). T* is just a reordering of
components of 7" which is clear in the positional notation. It is basically dual to the multi-

linear map 7" (or the adjoint).

17
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2.4 Derivatives
2.4.1 Gradient

Definition 2.4.1. Let (M, g) be a Riemannian manifold and f € C®(M). Then we
dcfine the gradient vector field as grady = Vf satisfying g (g}”éldf, v) = df (v) forallv €
T M. That is, gradf is the covariant version of df,

df — grﬂdf
mapped under the isomorphism between T M andT* M.

Remark. Note that the above isomorphism is metric dependent here. Any vector space
V" and V'™ are isomorphic but there is no canonical map - it depends on the basis we choose
over V. However if I is equipped with an inner product (here g on 7°M1), we can define
a canonical map that maps vectors to covectors. So, gradient vector fields are well defined
(i.e. invariantly) precisely because of the Riemannian structure. For example, if one defines
grady = 0;(f)d; where we know that df = 9;(f) dx’ works only as a caratesian definition.
In spherical polar coordinates, we know that the form looks different.

The metric thus gives an invariant definition of gradient vector field as follows,

grade =Vf = gljf)z'(f)ﬁj
2.4.2 Lie Derivative

The idea of lie derivative is to keep track of change (of maps) along a vector field. Where
along is determined by the flow generated by the vector field. It is the first-order term in

their corresponding taylor expansion on the flow.

Consider a vector field X € X(AM) and the local flow F* () generated by i.

18
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For functions f € C* (M) the Lie derivative L/ is given by,

FE (p) = f(p) +t(Lxf)(p) +O(+%)

ie.

[E@)-f@)

t

Lxf(p) = lim
This is basically % (o F*) = (fo F') = (F')(f) which is precisely the directional
derivative of £, X (f) or df (X),

Lxf = Dxf = X(f).

Lie derivative is essentially a generalization of this operation to other objects on mani-
folds. As we will see this operation plays an important role.

Consider another vector field Y, the question we ask is how does Y| , compare with its
value obtained via a pull-back due to the flow starting at p due to X. Here, by pull-back we

mean the pushforward £ (Y| z(,)) € T,M. Thatis,

E*(Yp(p) =Y1p+t(LxY) ], +0(£%)

or,

E7(YEp) = Ylp

L1y~ lim t

This infact turns out to be the Lie Bracket of the vector fields X and Y!
Proposition 2.4.1. If X, Y are vector fields on M, then LyY = [X,Y].

Proof. Evaluate RHS of LyY|,0onf, € (M),
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(B (V1) = Y1) () = El ) (Y1) () = Y1(fy)
= Yre(p) ((foF_[)Ff(p)) = Y1p(f»)
=Y (FoF*) o F' =Y (f)
=Y (FoF')—tX (Y (Fo F)))+0(») - Y(f)
=Y —tY(X() +t XX (F) - Y (f) +O(£?)
=t[X,Y]f.

Thus, LxY = [X,Y]. O

We can also take Lie Derivative of a (0,k) tensor T as follows,

F*T =T+t (Ly)Y +O(£2).
That s,
te _
(LxT) (1., %) = lim T2
—

Evaluating RHS on vector field ¥ one can easily show the following formula of Lie

Derivative in this case.

Proposition 2.4.2. If X is a vector feld and T a (0, k)-tensor on M, then

k
(LxT) (By.... ) =Dx (T (Ha,.... ) = > T (W, ., LxY;, .. ., T0)
=1

Ly, like in case of functions and vector fields acting as derivation, obeys product rule

when acted on (0, £)-tensors.

Proposition 2.4.3. If 11, T are two (0, k) tensors, then

Lx(Ti @) =(LxHh)Th+T1®(LxT2)
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If X, = 0 at some point p, then F*(p) = p forall £. So,

E(Y1p) =Y,
t

LT, =i

= % (E) o (¥15)-

Ly = %F;”lt:o whenever X, = 0. And for 1-forms, L8 = d o Ly whenever X, = 0,
which only depends on the value of & at p. The same is true of (0, £)-tensors.

Lie Derivatives can also be defined for other general tensors and maps similarly. In par-
ticular, we can take Lie Derivative of the Lie Bracket vector field and on a Lie derivative Ly T°

define the following on any tensor 7,

(LxL)yT=Lx (LyT)=LryyT — Ly (LxT) = [Lx,Ly]lT - Lix,yT.
This infact vanishes on all tensors.
Proposition 2.4.4 (Generalized Jacobi Identity). For all vector fields X,Y and tensors T
(LxL)y T = 0.

When acted on a vector field Z. This reduces to the usual Jacobi identity satisfied by the
Lie Bracket X, Y, Z.

Connection to Exterior Derivative.

Note that we have a definition of exterior derivative on w € QF (M) through the for-

mula,
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k+1

dw (X1, ... Xpep) = ) (=1) Xyw (Xl, X ,XM)
=1
k+1 o .
+Z (—1)“'] w ([XZ-,X]-],Xl, e ,X]', ce >X/e+1)
L]

This can be written in terms of the Lie derivative as,

1k ‘ .
d&)(Xo, Xl; v 5X/e) = 5 Z(—I)Z(LXZ-&))(X(), ce )Xl'a ce )Xk)
=0

1& . \
+3 2(-D'Ly, (a)(Xo, X ..,Xk))
=0

In particular, we have on 1-form

dw (X,Y) =Dy (w(Y)) = Dy (w(X)) —w([X,Y]).
The following definitions are worth noting.

Definition 2.4.2 (Divergence, Laplacian and Hessian). Lez (M, g) be a Riemannian Man-
tfold.

1. Thedivergence of a vector field X is defined by its action on the volume form - it descsribees
the change in the volume form along the flow due to X, i.e. Lxvol = (divX)vol.

2. The Laplacian of a function Af = divVf.
3. The Hessian of a function is a (0, 2) tensor,

Hessf(X,Y) = % (vag) (X, 7).

The above defintion of Hessian is indeed a generalization from that on Euclidean spaces.

The Laplacian is the trace of the Hessian and on R”, the Hessian reduces to it’s familiar form.
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Let Ey,. .., E, be a positively oriented orthonormal frame. Then,
divX = (Lxvol) (Ey, ..., E,)
= Ly (vol (Ey,..., Ey)) = D vol (Ey,...,LxE;, ..., Ey)
=-> g(LxE, E;)
= % DU(Lx (g (B E))) - g (LxEn Er) — g (Eiy Ly Ey)
= 303 (L) (B ).
In writing above, we have used the behavior of volume form and that g is symmetric,

¢ (B E) =Vol (Ey,...,E,) =1.

For a Euclidean space with standard metric, consider f : R” — R. Then,

Lup (dddxl) = Ly o gy, > d'de’
= > Ly fo,dx’dx’
= 37 (Loyp0,dx%) di’ + 3 dxe Ly g, )
= 30 0if (Lo,dw’) + 35 05 dx” (Lo d')
=23d(0f) dv’
=25 0if d dx’

=2Hessf .

2.5 Connection

In order to generalize the notion of constant or parallel vector fields, like in R” we introduce
the notion of covariant derivative. These are not just vector fields X = X?9; with constant
functions X".

There are two ways we can keep track of change in a vector field, it could be a gradient

of a function, which is captured by the 2-form d@x which is the exterior derivative of the
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dual 1-form of X. Thatis,0x(Y) = g(X,Y)and X = Vf = d0fx = 0. Further, we
can also ask how the metric changes along the flow due to X, which is captured by the Lie
derivative Ly ¢. It’s interesting to note the relevance of Hessian here. A vector field whose

Lie Derivative vanishes is called a Killing field.
Lemma 2.5.1. Lxg =0 < theflow F' generated by X are isometries.

Consider R? with the standard metric. If a vector field X is gradient V/', then df0y =
0 and the change in metric due to X is essentially 2H essf. So, X is killing if and only if
0, X7 +0 i X ? = 0. This gives us the familiar result,

i _ i1 7, i _ _ J
X—ajx + 8% a;=—a;.

In R” a vector field is constant it and only if it is both killing and a gradient field.

To generalize this we have the following tensorial result.

Proposition 2.5.2. The covariant derivative in R” is given by the implicit formula:
2¢0(VyX,Z) = (Lxg) (Y, Z) + (dfx) (Y, 2).

Until now we have an idea of Vy X only in cartesian coordinates, but the above tensorial

expression will be used to define the covariant derivative on arbitrary manifolds.

Proof. It suffices to consider caratesian form of Vy X, as g X *)0; and commpute the right

hand side. o

What we are really interested in is the derivation of a vector field dueto another vector

field, depending linearly on it. Such an object is called an affine connection.

Theorem 2.5.3 (The Fundamental Theorem of Riemannian Geometry). The assignment

X = VX on (M, g) is uniquely defined by the following properties:
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1. VX :Y — VyXisa (1,1) tensor. That is,

VoaorgwX = aV, X + BV, X.

2. X — Vy X isaderivation:

Vy (X1 +X2) = Vy X1 + Vy Xy,
Vy(fX) = (Dyf) X +fVYX..
for functions [ : M — R.

3. Covariant differentiation is torsion free:

VyY -VyX = [X,Y].

4. Covariant differentiation is compatible with metric:

ng(XaY) = g(VZX;Y) +g(X7VZY) .
The assignment satisfying (1) and (2) is called an affine connection. Further (3) and (4)
define a uniqe such connection called, Riemanniann or Levi-Civita connection.

Proof. We use the implicit definition of the covariant derivative to prove this theorem, and

the uniqueness result ensures there is no loss of generality. O

We will see the significance of Torsion free property and the metric compatibility later.
The following two lemmas describe the dependence of Vy X[, on X. Note that the depen-

dence on Y is tensorial i.e linearin Y.

Lemma 2.5.4. Let M be a manifold and NV an affine connection on M.If p € M, v € T,M,
and X, Y arevector fields on M suchthat X =Y ina neighbordbhood U > p,thenV,X =V,Y.
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Proof. Letf : M — Rbeabump function vanishingin A/ \U and f = 1inaneighborhood
V cUof p. Sowehave f X = fY onall of M. Thus, at p:

Vof X =f(p)VoX + D,(f) X (p) =V, X.
S0, V,.X =V,fX =V,fY =V,Y. D
As expeected from a derivation, the covariant derivative of X is a local property, and it
suffices to have a vector field defined on an open set around a point for it to make sense.

Infact something more stronger is true, it suffices for the vector field to be defined along a

curve.

Lemma 2.5.5. Let M be a manifold and NV an affine connection on M. If X is a vector field
on M and ¢ : I — M a smooth curve with ¢(0) = v € T,M, then V,X depends only on the
values of X along ¢, i.e,if X oc=Y oc,thenV, X = V.:Y.

Proof. Let Ey, ..., E, be a frame in the neighborhood of p, andX 7 Y7 the components of

vector fields which agree on the curve ¢. Then,

V.Y =V, (YE)
= Y (PIVo(E) + DY | yEu(p)
= X' (P)Vo(E) + Do X' |y Es(p)
=V, X.

O

From the above two lemmas, it is clear that it is possible to compute V in local frames.
We will do that soon.
From the uniqueness of the Levi-Civita connection, we can evaluate its behaviour under

isometries.
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Proposition 2.5.6 (Naturality of the Levi-Civita Connection). Suppose (M, g) and (M, §)
are Riemannian or pseudo-Riemannian manifolds with or without boundary, and let V de-
note the Levi-Civita connection of ¢ and V that of 3. If o : M — M isan isometry, then
oV =V.

2.5.1 Covariant Derivative of Tensors

The generalization of covariant derivative to general tensors will be important to derive use-
tul formale for Hessian, Laplacian, divergence andalong with giving using tools to probe
curvature (tensors).

The covariant derivative takes a (1,0)-tensor X to a (1,1)-tensor V.X. Similarly we let

(s,t)-tensor S go to a (s,t+1)-tensor V.S. We do this in a way which respects the product rule:

VS, n, ..., Y) = (VxS) (1., 1)

13
:VX(S(H,,Y;))—ZS(H,,VXY”,Y;)
i=1

Sending the second term of RHS to the LHS, we see the product rule. The definition

for s > 1is similar.
Definition 2.5.1. A tensor S is called parallel, if V.S = 0.

In cartesian coordinates of Euclidean spaces, parallel tensors are precisely the constant
coefhicient tensors. In particular, VX = 0 for constant vector fields (irrespective of the coor-

dinates).

Proposition 2.5.7. On a Riemannian n-manifold (M, g)
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Proof. Itis the metric compatibility of the covariant differentiation that directly ensures ¢ is
parallel. Evaluating Vyvo/ on an orthonormal frame £j, . . ., E, and using the metric com-

patibility immediately gives that vo/ is parallel too. O
The covariant derivative of the 1-form df gives precisely the Hessian!
Proposition 2.5.8. Iff : (M, g) — R, then
(Vxdf) (Y) = ¢ (VxVf,Y) = Hessf (X, ).

Definition 2.5.2. The adjoing to the covariant derivative on (s,t)-tensors is defined as

(V*S) (Xay s X)) = = D (Vi) (Eiy Xoy .., Xo)

where Ex, . . ., E, is a orthonormal frame. That is, the adjoint covariant derivative gives

out a (s,t-1) tensor!
Proposition 2.5.9. If X is a vector field and Gx the corresponding 1-form, then
divX = -V'fx

The exterior derivative can now be written simply as,

dw (Xo,..., Xp) = > (1) (V) (Xo, D o ,Xk) .

We can take second covariant derivative of a (s,t)-tensor, V25 as follows -

(Vx,5S) (H,.... Y) = (Vx, (VS)) (X2, 1, ..., 1)
= (V2 (V265)) (s, 1) = (Vo) (i 70
The second covariant derivative is not symmetric in the arguments and is a hallmark of

Riemannian geometry.
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We can also take covariant derivative of a covarariant derivative as,

(VxV)y T =Vx (VyT) = Vv T = Vy(VxT).

The two covariant derivatives are related to each other via,

ViyT = (VxV)y T+ Vy (VxT).
2.5.2 Connection in local form

In local coordinates,

VyX =Vyiy, X7 0;
=Y'V),X/0;
=Y (0;X")0; +Y'X7V,,0;

=Y (0;X7)0; +Y'X/ rf]. O,

where we expanded V,d; in local coordinates. We see that for different coordinate sys-
tems and general Riemannian manifolds, there is an extra correction term. We can find these

coefhicients in terms of the metric using the implicit definition.

1 1 1
rfj = lek (8jg,~; +0igj1 — 3zgjz') = ggklrz'j,! = nglg (Va,»‘)ﬁ ‘)1) .

The symbols, I';; ;. are called the Christoffel symbols of first kind and T 5 are called the
Christoffel symbols of second kind. Note that these area not tensors! Indeed as wealready
knowit is always possible to find coordinates such that I" = 0 (but not in others). These are
the locally flat coordinates.

Normal Coordinates around a point p € A :
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gljlp = 51'_]'9
a/egz'jlp = 0.

Locally Flat Coordinates:

gz'jl p= 5\1']':
Tl =0.
It turns out Normal Coordinates always exists and thus so does Locally flat coordinates.
The covariant derivative is then calculated easily.
The defining properties of a Riemannanian connection tell us the following about the
connection coefficients I'.

Christoftel symbols I Z’; . are symmetric in 7. Since, V is torsion free and [d;, d;] = 0
k3 _
L0k = Vy,0;
_T*k
= rjz"
Chirstoffel symbols completely determine the first derivatives of the metric. Met-

ric compatibility of connection gives,
degij = £ (Va0 97) + g (9 V0,)
= I‘/ez',j + rkj,z'-

For higher tensors say, (1,k) tensor S:

- St | E. N J
S Sﬁ’“.’]kE,@a ®---® gk,

- VS . N... J Jkt1
V§=VS . Ei®dl®- - @d/teai.,
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We obtain the coefficients V ;.S ;:1’.._7].}6 = (VJS) ;.0 through V; 5§ = Vg, S.

:~~~’j/e+l
2.6 Curvature

We are now ready to define the curvature of a Riemannian Manifold. Curvature enters the
theory of Riemannian geometry as a local invariant which are preserved under local equiv-
alances between two structures under study, here the structures being Riemannian Mani-
folds.

The curvature of the space can be probed by parallely transporting a vector field along
suitable directions. We wish to compute the difference in the vector field at a point after this
transport. In R? for example, take a vector field Z and transport it parallely along x-axis,
then along all the coordinate lines parallel to y-axis. We wish to know if Vy Z = Oi.c. if Z is
parallel along the x-axis. Infact since V) Z = 0 on x-axis, showing V,,V; Z = 0 suffices by
uniqueness. And since Z is parallel along y-axis, showing V5,V Z =V, V, Z then suffices.
Ofcourse, this is exactly what happens in Euclidean spaces.

For any vector fields X, Y, Z:
VyVyZ=Vy (Y(Zk)()k) - XY (240,
ViVyZ - VyVyZ = Vixy Z.
In particular on R? | if we take X = 9y, Y = 0, - we indeed have, V{Z = 0!

Definition 2.6.1. A Riemannian manifold is said to be flat if it is localy isometryic to a
Euclidean space, that is, if every point has a neighborhood that is isometryic to an open set in R”

with its Euclidean metric.

Definition 2.6.2. A connection V on a smooth manifold M is said to satisfy the flatness crite-
rion if whenever X, Y , Z are smooth vector fields defined on an open subset of M, the following
identity bolds:

VyVyZ - VyVyZ =VixyZ
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Since the Euclidean connection satisfies the flatness criterion and by the naturality of

connection due to local isometries, we have the following neat result.

Proposition 2.6.1. If (M, g) is a flat Riemannian manifold, then its Levi-Civita connec-

tion satisfies the flatness criterion.

In what follows we develop the tools required to approach the other direction, i.e to find

sufficient conditions for a manifold to be flat.

2.6.1 Curvataure Tensor

Proposition 2.6.2. On a Riemannian manifold (M, g) we define the (1,3) curvature tensor

via the map R : X(M) x X(M) x X(M) — X(M):

R(X,Y)Z=V%yZ -V} yZ

= VyVyZ -VyVxZ - VixnZ.

Proof. Note that covariant derivatives are tensorial in X, Y. Using the product rule of co-

variant derivatives it is easy to also show R(X,Y)fZ = fR(X,Y)Z. m|

Proposition 2.6.3. The Riemannian curvature tensor R (X,Y, Z, W) satisfies the follow-

ing properties:
1. R is skew-symmetric in the first two and last two entries:
RX,Y,Z,W)=-R(Y,X,Z,W)=R(Y,X,W,2Z).
2. R is symmetric between the first two and last two entries:
RX,Y,Z,W)=R(Z,W,X,Y).

3. R satisfies a cyclic permutation property called Bianchi’s first identity:
R(X,Y)Z + R(Z,X)Y + R(Y, Z)X =0.
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4. VR satisfies a cyclic permutation property called ianci’s second identity:

(VZR)X,Y W + (VXR)Y,Z W + (VYR)Z,X W =0.

In local coordinates, we write:
Rm = Rf.jkdxi ® dx’/ ® dx* @ dx’

where R (c)l‘, 0 j) o = Rf.] " 0;. We can compute these functions using the connection
coeficients:

—9,T!

oI L

/
R’ ik

_ myl _ ymy!
= + T L, — T

ik™ jm’
We can define the (0,4) form of the curvataure tensor often called the Riemann Curva-

ture tensor as,

R(X,Y,Z,W)=g(R(X,Y)Z,W)

Proposition 2.6.4. The curvature tensoris a local isometry invariant: If (M, g) and (M, 7)

are Riemannian manifolds and ¢ : M — M is a local isometry, then ¢*j€‘;;¢ = Rm.
Proof. This again follows from the naturality of connection. O

2.6.2 Flat Manifolds and the Curvature Tensor

We will make the function of the curvature tensor as an obstruction to Euclidean space pre-

cise here.

Lemma 2.6.5. Suppose M is a smooth manifold and V is any connection on M satisfying the
Sflatness citerion. Given p € M and any vectorv € T, M, there exists a parallel vector field V

on a neighborhood of p such that VP =y.

Proof. Theideais to consider a cubic coordinate neighborhood around a point p, and paral-

lel transport the vector field 7 along xl-axis, then successively along x2, ..., x"at every point
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of the x!-axis.-We want to show that V o,V =0forall7 =1,...,%n We can do this by induc-
tion. This is just a generalization of the procedure which we used to motivate the flateness

criterion. Since it is given here that the flatness criterion is satisfied, the result follows. O
This allows us to now give a sufficient condition for a manifold to be flat.

Theorem 2.6.6. A Riemannian manifold is flat if and only if its curvature tensor vanishes

identically.

Proof. The forward direction was already established. Suppose the curvature tensor van-
ishes. Then V satisfies the flatness criterion. We use the previous result to construct a parallel
orthonormal frame in a neighborhood of each point which is the important characteris-
tic of a Euclidean space. Startin from an orthonormal basis (41, ..., b,) on T, M, we can
construct an parallel orthonormal frame in a neighborhood of p. Because these are paral-
lel and the connection is flat, they commute. It then follows that there exists coordinates
(yl, ..., y")suchthat E; = d; for7 = 1,...,nand g;; = £0;;. This defines a local isomtery

to the Euclidean space. O

In particular, the curvature tensor is related to the change in vector field due to a series

of parallel transports as follows.

Theorem 2.6.7. Let (M, g) bea Riemannian manifold; let I be an open interval containing
O;let: T : I x I — M bea smooth one-parameter familyof curves; and let p = 1'(0,0),x =
551_‘(0, 0),4716[ )= 81F(0, 0) For any 51,52, 11,4 € 1, let le’tz : Tr(vfl,tl)M — Tr(il,l‘z)M

St

denote parallel transport along the curve t v T (s1, t1) from time t1 to time t, and let Pffff :

T1 (5,00 M = Tr(5p,00) M denote the parallel transport along the curve s — T'(s1, t1) from time

51 to time sp. Then for every z € Ty M,

PO,O o P3,0 o Pé\,f o PO,E(z) —z
R(x,y)z = lim 20 e 0 00
) 9,e—0 o€

34



2 Riemannian Geometry

2.6.3 Ricci and Scalar Curvatures

As a matter of simplifying the content of the curvature tensor, we define a (0,2) tensor field

called Ricci Curvature or Ricci Tensor as the trace of Rm over the first and last indices,

Re(Y,Z)=tr(X - R(X,Y)Z); Rc=Rydx'®dx/;R;; = R’,:l.j = ¢ Ryip1.

Note that this is a symmetric 2-tensor.

And define scalar curvature as the trace of the Ricci tensor:
_ _ pi
R = z‘rch = R;.
It is also useful to define the traceless Ricci tensor as,
° 1
Rc=Rc——Rg.
n
This is infact an orthogonal decomposition.

Proposition 2.6.8 (Contracted Bianchi Identity). Lez (M, g) be a Riemannianmanifold.
The covariant derivatives of the Riemann, Ricci, and scalar curvatures of g satisfy the following

identities:
trg(VRm) = =D(Rc)
1
try (VRc) :zdS..
with trace over the first and last indices. In components, this is

/ _

Rz'j/el; = Rjr = Rjk

7 1

Rl’[; = ES;Z..

Definition 2.6.3. A Riemannian metric is said to be an Einstein metric if its Ricci tensor is

a constant multiple of the metric,

Rc=1g, Aisconstant.
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This is the Einstein equation, and the next proposition asserts that for connected man-
ifolds, the physical vacuum Einstein equation is indeed an Einstein equation in the above

sense.

Proposition 2.6.9 (Schur’s Lemma). Suppose (M, g) is a connected Riemannian manin-
fold of dimension n > 3whose Ricci tensor satisfies Rc = [ g for some smooth real-valued

Sfunction f. Then f is constant and g is an Einstein metric.

Proof. Taking the trace of Rc = f g, we see that, Re =0 = VR¢ = 0. So,

Rije = & =0
1. 1
2575

For n > 3, this gives, S.; = 0 which is basically 9;5. Since,M is connected, we have § is

constant, and so is /. O

Corollary 2.6.10. If (M, g) is a connected Riemannian manifold of dimension n > 3, then
g s Einstein if and only if Rc = 0.

2.6.4 Conformal Geometry

We now deal with the information in Riemannian curvature that is not encoded in Ricci
curvature. As we will see, this information is central to conformal geometry. It is useful to
algebraize the situation of curvature tensor as follows.

Suppose V' is an n-dimensional real vector space. Let R(V*) C T4(v*) dennote the
vector space of all covariant 4-tensors 7" on V” that have the symmetries of the (0,4) Riemann

Curvature tensor:
1. T(x,y,z,w)=~-T (y,x, z, w) =T (y,x, w, z) .

2. T (x,9,2,w) =T (z,w,x, 9) .
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3. T'(x, 9, 2,w) + T (y,z,x,w) +7T (z,x,y,w) =0.
An element of R(V™) is called an algebraic curvature tensor on V.

Proposition 2.6.11. If the vector spaace V' has dimension n, then

2(,,2 -1
dimR(V™) = %

Proof. Consider the linear subspace B(V*) of T4(V*) satisfying only (1) and (2). Then the
linear map
¢: 32 (N2(1)') - B
B ¢(B)(x,y,z,w) = B(x A y,z Aw)

is an isomorphism, with an inverse given by ¢_1 (T) (17,- ANbj, by A 171) =T (b,-, bj, by, b;) .

So,
_ "Cr("Cy+ 1)

dim (B(V*)) = dim (22 (AZ(V)*)) :

And the required R (V™) is basically the kernel of the map,
7: BV - T4
T o m(T)(x, y,2,w) = % (7' (x, p5 2,0) + T (9, 2, %, 0) + T'(2, %, y,w)) .

By the symmetries (1) and (2), 2/#(7T") reduces precisely to the form of the image of
7. And since, T € A*(V*) satisfies (1) and (2), we have 7(T) = alt(T) = T. Thus
7(B(V*)) = A*(V*) and

dim (R(V®)) = dim (B(V*)) - dim (A‘*(V*)) .
O

If there is a scalar product defined on V, i.e. ¢ € Z*(V*). then we would like ask if the

map tr, : R(V*) — Z*(V*) is surjective.
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Definition 2.6.4. There is natural way to construct an algebraic curvature tensr out of two
symmmetric 2-tensors. Given b, k € S2(1%), define the Kulkani-Nomizu product of b and k
h® k as:

h®k(x,y,z,w) =h(x,y) k(z,w)+h (y, z) k (x,w)
—bh(x,2) k(y,w) = b (y,w) k(x,2) ..

Some properties of this product immediately follow.
Lemma 2.6.12 (Properties of the Kulkarni-Nomoizu Product). -
1. b ® k is an algebraic tensor.
22.h®k=k®h
3. trg (h® g) = (n=2)b+ (¢reh).
i trg(g®g) =2(n-1)yg.
S AT, h® g)g =4(tr,T, b)g, where T is an algebraic curvature tensor on V.
With this, we can define the inverse map from =%(V*) to R(V'*).

Proposition 2.6.13. Ler (V, g) be an n-dimensional scalar product space with n > 3, and

define a linear map G : Z*(V*) — R(V*) by,

1 tr.h
G(h) = — (/9 - Z(ng— l)g) ® g

n—2
Then try(G(S)) = S and Im(G) = ker(try)™*.

Proof. try(G(S)) = S follows easily from the definition. So ¢7, is surjective and G is injec-

tive. And we already saw that (T, G(h)) = 0 for T € ker(tr,). So Im(G) = ker(t,)*. O

We now finally apply this to the case of Riemannian and Ricci curvature tensors.
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Definition 2.6.5 (Weyl Tensor). Suppose (M, g) is a Riemannian manifold. Define the

Schouten tensor of g, denoted by P, to be the following symmetric 2-tensor:

1 R
P‘n—z(RC_z(n—ng);

and the Weyl tensor of g to be the following algebraic curvature tensor:

W=Rm-P®g

1 R
=Rmo SR ST o8 O

S0,G(Rc) = P ® g = G(trygRm) The Weyl tensor captures precisely that part of Rie-
mann curvature tensor which the Ricci tensor leaves out! As we will soon see, this infact this

also captures (all) the conformal data of the manifold!

Corollary 2.6.14. For every Riemannian manifold (M, g) of dimension n > 3, the trace
of the Weyl tensor is zero, and Rm = W + P ® g is the orthogonal decomposition of Rm

corresponding to R(V*) = ker(try) @ ker(try)*.
Corollary 2.6.15. Let V' be an n-dimensional real vector space.
1 Ifn=00rn=1,then R(V*) = {0} .
2. Ifn =2, then R(V™) is 1-dimensional, spanned by ¢ ® g.
3. Ifn =3, then R(V*) is 6-dimensional and G : Z*(V*) — R(V'*) is an isomorphism.
This immediately gives the following:

e In 3 dimensions, the Weyl tensor vannishes identically and the curvature tensor is en-

tirely specified by the Ricci tensor!

e In 2 dimensions, the Riemann and Ricci tensors are completely determined by the

scalar curvature as follows:
Rm = lR ) Rc = lR
m = 4 g0g €= 3 8-
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Thus the content of the Riemann Curvature tensor is given by the Weyl and Ricci (Schouten)

tensors. And the flatness is given by the whole curvture tensor. We now move to the con-
formal content of the curvature tensor, that is rather than studying local invariants under
local isometries(which preserve distances and thus angles), we would like to probe the more
weaker conformal transformations which only preserves angles and study their local invari-

ants. It turns out, Weyl tensor is roughly the conformal content of the manifold.

Definition 2.6.6. Two metrics g1, g2 on a manifold M are said to be conformally related to
each other if there is a positive function [ € C* (M) such that g» = f g1. Given two Rieman-
nian manifolds (M, g1) and (M, &, a diffeomorphism ¢ : M — M is called a conformal
diffeomorphis (or a conformal transformation) if it pulls § bask to a metric that is conformal
to g:

" g=Ffg forsomepositive [ € C*(M).
Two Riemannian manifolds are said to be conformally equivalent if there is a conformal dif-

feomorphism between them.

Indeed, conformal relation defines an equivalence relation on the collection of Rieman-

nian metric on a manifold.

Definition 2.6.7. A Riemannian manifold is said to be locally conformally flat if every point
of M has a neighborbood that is conformally equivalent to an open set in (R", gr») with its

standard metric.

Note that $” {B} is conformally equivalent to R” with stereographic projection as the
conformal diffeomorphism.
We have the following important results on the behaviour of the curvature tensor and its

orthogonal elements.
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Proposition 2.6.16 (Conformal Transformation of the Levi-Civita Connection). Let (M, g)
be a Riemannian or pseudo-Riemannian n-manifold (with or without boundary), and let
g = ¢ g be any metric conformal to g. IfV and V denote the Levi-Civita connections of

g and g, respectively, then
Vx¥ = Vx¥ + (XF)Y + (Y)X = (X,Y),grad, f.
In any local coordinates, the Christoffel symbols of the two connections are related by

8 =TE + fidk+ 08 - M figy,
where f; .= 0;f is the ith component of Vf = df = fl‘dx".

Theorem 2.6.17 (Conformal Transformation of the Curvature). Let ¢ be a Riemannian
or pseudo-Riemannian metric on an n-manifold M with or without boundary, [ € C* (M),
and § = ¢ g. In the Riemannian case, the curvature tensors of g (vepresented with tildes) are

related to those of g by the following formulas:

Ron =& (Rm = (V) 0 ¢+ (df @ df) © g - Jldf (g @ g).
Re=Re—=(n=2)(V’f) + (n = 2)(df ® df) - (Af + (n = 2)|df 3 g,
§=e ($-200- DAf = (2= D)(n - 2)|df|§) .

where the curvatures and covariant derivatives on the right are those of g, and Af = div(grad f).

If in addition n > 3, then

b =P -V +(df ®df) - 1ldf g,

-

W=,

In the pseudo-Riemannian case, the same formulas bold with each occurrence of |df | (2g replaced

by (df,df )
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Out of all the above formulae, the one that concerns us is the transformation /¥ =
X W . One can derive all the above formula by using local coordinates. And in case of
curvatures, we can simplify the computation by going to the locally flat frame. Here’s the

geometric coroallary of the above result.

Corollary 2.6.18. Suppose (M, g) is a Riemannian Manifold of dimension n > 3. If g is

locally conformally flat, then its Weyl tensor vanishes identically.

Proof. Since, there is alocal conformal diffeomorphism to R”, this induces a pull back metric
g= e g inaneighborhod. But Rm; = 0 so, W = 0. By the simple transformation of the

Weyl Tensor, we have I, = 0 too in the neighborhood! O

We would like to now study the sufficient condition for the manifold to be conformally
flat. Recall that in dimension 3, the Weyl tensor vanishes for #// manifolds. We have another

tensor which captures the conformal data in 3 dimensions.

Definition 2.6.8. On a Riemannian manifold, define the Cotton 3-tensor as the exterior

covariant derivative of the Schouten 2-tensor P:

C(X,Y,Z)=-DP(X,Y,Z) = -VP(X,Y,Z) +VP (X, Z,Y)
Ciik = Pk — Pityj-
Proposition 2.6.19. Suppose (M, ¢) is a Riemannian manifold of dimension n > 3, and
let W and C denote the Weyl and Cotton tensors, respectively. Then
try (VW) =(n-3)C,

where the trace is on the first and last indices of the S5-tensor VIV

Corollary 2.6.20. Suppose (M, g) is a Riemannian manifold. If diim M > 4 and the Weyl

tensor vanishes identically, then so does the Cotton tensor.
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Proposition 2.6.21 (Conformal Invariance of Cotton tensor in Dimension 3). Supppose
(M, g) is a Riemannian 3-manifold, and § = 62fgf0r some [ € C®(M). Then the cotton

tensors of both the metrics are equal: C = Cy.
Proof. An long explicit coordinate calculation. O

Corollary 2.6.22. If (M, g) is a locally conformally flat 3-manifold, then the Cotton tensor

of g vanishes identically.

Now to the theorem that completes our claim that Weyl tensor (and cotton tensor) hold

all the conformal data.

Theorem 2.6.23 (Weyl-Schouten). Suppose (M, ¢) is a Riemannian manifold of dimen-

stonn > 3.

1. Ifn > 4 then (M, g) is locally conformally flat if and only if its Weyl tensor is identi-

cally zero.

2. If n = 3, then (M, g) is locally conformally flat if and only if its Cotton Tensor is

identically zero.

Note that for 1-dimensional Riemannian manifolds, the vector space of algebraic curva-

tures is zero-dimensional. So all Riemannian 1-manifolds have Rm = 0 and are thus flat.
Lemma 2.6.24. Every Riemannian 2-manifold is locally conformally flat.

Although not given by the Weyl-Schouten theorem, there are so-called isothermal co-
ordinates on all 2-manifolds, which give local conformal equivalences; the proof of which

involves PDE theory and Complex analysis.
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Chapter 3

Geometry of AdS Spacetime

It is important to understand the symmetry structure (isometries) of the metric space to re-
late to the conserved quantities of the theory of gravity in that space, and also the causal
structure of it. After a general discussion of the isometries and Killing vector fields for gen-
eral space, with sphere and flat as examples, we define the anti-de Sitter space as the negatively
curved maximally symmetric space living inside a higher-dimensional pseudo-Euclidean space
of a hyperbolic kind. We then understand this space by giving different possible coordinates
onit. We note in particular the hyperbolic and conformally flat nature, along with the notion
of conformal boundary of AdS. One can extract some physics in this space by constructing
the Penrose diagram - as a way to identify the causal structure. The process of drawing such
diagrams is discussed along with examples of Minkowski and AdS spaces. We end by noting
that there is not a unique but a arbitrary way to approach the boundary of AdS thus defining

a conformal class of metrics on the boundary.

3.1 Isometries, Killing Vector Fields and Maximal Sym-
metry

In the general theory of relativity, there is a vast freedom in choosing the coordinates. The

coordinate transformations which preserve the form of the metric are called isometries. That

is x — «x is an isometry if g/’w (x") = guy(x). Infinitesimally we write the transformation as
= ¢ ith infinitesimal Using th f ion |

X x# + e£#(x) with € an infinitesimal parameter. Using the tensor transformation law

for the metric we have,
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N is0. sy tens. dxt ox”
g,oo'(x ) = gpa(x ) = g/w(x)m P (3'1)
= g () (5‘;: - eﬁpf/‘(x)) (02 — €0,£7 (x)) (3.2)
gpo'(x) + Eflalgpo' = g,m(x) - Eg[ua'a,of‘u - fgpvao'fy (3.3)

We thus have what we call the killing equation,

gW&,of‘“rgpyaafVJrflazgw =0 (3-4)

and in terms of the covariant derivative, this becomes,
V& + V=0 (3.5)

The £#s satistying the above equation are called the killing vector fields (KVFs) named
after William Killing. This condition allows us to either restrict the metrics (solutions of
Einstein Equation) using a set of KVFs or find out the KVFs for a given metric. In what fol-
lows, we will probe both possibilities by first finding linearly independent KVFs for familiar
spaces and then analysing the form of metric assuming maximal number of Killing Vectors,
which involves some non-trivial calculations.

Note that any linear combination of killing vectors is also a killing vector, and the number
of linearly independent solutions of 1.5 is independent of the coordinates, reflecting the fact

that Isometry is an intrinsic property of the space.

3.1.1 Euclidean Space

On a 3-dimensional Euclidean space, we have ¢ = dx*+d yz +dz?. Thus, the killing condi-

tion reads,

gpvaafV +gpw5p$t‘u0 (3.6)
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Expanding this gives a set of simple first-order PDEs,

055 = 0,07 + 0,6 =0

0,7 = 0,0, +0,£7 =0

0,57 = 00,65+ 0,67 = 0

Using these, we can also conclude the following

P2EF = 25 =0
077 = 0267 =0

2¢2 _ N2gz _
0287 = 0267 =0

So up to the multiplication of possible constants, the possible KVFs are

£*=0orlor £ yor +2
£V=0orlor +xor +z

£ =0orlor +xor +y

(3.7)

(3.8)

(3.9)

(3.10)
(3.11)
(3.12)

(3.13)

(3.14)
(3.15)
(3.16)

(3.17)

That s, (1,0, 0), (0, 1,0), (0,0, 1) and (y, —x,0), (2,0, —x), (0, 2, — y) are the 6 Killing

Vector Fields for the Euclidean metric. These correspond to all the generators of translations

and rotations in the Euclidean space!
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Recall that these vector fields give us the directions in which we can traverse and still
maintain the form of the metric. We see that in £% we could translate or rotate the points
locally and still remain with the same metric. That s, we could go anywhere on this space, and

the metric remains the same. We will have more to comment on this soon.

3.1.2 Sphere

We have the metric ds® = d6? + sin> @dgéz on the sphere. The killing condition gives,

0% =0 (3.18)
2sin? §0,£9 + £%5in 26 = 0 (3.19)
0% +5in* 00,7 = 0 (3.20)

A general solution to this system of PDE can be evaluated to be,

£ =(Acos¢+ Bsing,—(Asing — Bcos ) cotd + C) (3.21)

with components being of ¢ and ¢ in order.
Importantly, this general solution can be written as a linear combination of the following

three vector fields,

&) = (sin @, cot d cos @) (3.22)
£2) = (cos ¢, —cot I sin @) (3.23)
&3 =(0,1) (3.24)

These correspond to two directions of translation and rotation around one axis on a
2-sphere. We thus have 3 Killing Vector Fields, which are essentially 4// the generators of

translations and rotations on S2.
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3.1.3 Maximal Symmetry

There are essentially three important things-

1. The maximum number of linearly independent Killing Vectors (solutions to for
a

d-dimensional space is

d(d+1)/2.
2. A space is called Maximally Symmetric if the number of KVFs it holds is maximum.
3. The curvature tensor is fixed by the constant scalar curvature R (or K, K = ﬁ).

4. Maximally symmetric spaces are uniquely specified by a curvature constant and by the

number of eigenvalues of the metric that are positive(or negative).

Maximum Number of KVFs:
Informally, this corresponds to the total number of translational and rotational degrees of
freedom available in the space. If the space is d-dimensional, then # translations = d, # rota-
tions = @ If we assume KVFs are either translational or rotational, then the maximum
number is just the sum of translational and rotational ones!

Recall,

[V(“’ VV] VP = _RZ/LVV<T (325)

and using the cyclic identity (Bianchi Identity) of the Curvature tensor, we have

[V Vo | Vo # [ Vo, Vo | Vi + [V, V| 73 =0 (3.26)

Applying these on & gives,

V,Vub = RS, & (3.27)
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We thus have the following system of PDE,

V,Of/& = Xpu (3.28)
VoXu = Ry ée (3.29)

where we have from[3.5) v, = — 4,

This system takes @ initial conditions, thus giving the same maximum number of

independent solutions! We thus can have only (d”)

number of KVFs for any given d-
dimensional space.
Curvature Tensor in a Maximally Symmetric Space:

Consider generalization of]| to 2-rank tensors,

Tygsvw = Tupsow = — R Tep = B3, T, (3.30)

uvw prwt ;T

Where we have used the following notation for taking covariant derivatives,

VoV, Vo, e = Xuvids (3.31)

Let T, = Vu&, = £,, using equation wehave &0 = RY) 0 60 + R, &7y and thus,

fpw;w;/x - fp;ww;y = /zva)fp, ,omfrgz (3.32)
T K T K
(Rw/zp v V/,{p w) fT - ( vup a) - a)[u/ogv + R[uvwf;p - pvw /z) fTK (333)

For translations, R.H.S of equation vanishes, and we have (solving for linearly inde-
pendent KVFs)

RZM,V = R;#/% (3.34)

For rotation, L.H.S vanishes, implying that (solving for linearly independent KVFs again)

the coefhicient is a symmetric tensor. Then contracting x with p and lowering 7 gives,
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T K T K T K T K _ K T K T K T K T
RZ,,35 — RG, 0% + RE,,0% — RY,,0% = RY, 07 — RY, .07 + R%, 07 — RY, 07

(3.35)
RT/ww (D-1) - (Rrva)y - Rrw/w - Rr‘uw«)) = Rw/zgrv - szgrw (3.36)

R
Rrﬂva) = m (ga)[ugrv - gv‘ugfw) . (337)

Where we have used the cyclic property of curvature tensor and Rzm =R =—-R° =

ach — abc
Rap, RS, = 0.
Now, use the (contracted) Bianchi identity V,G#” = 0,
w 1o\ (11 o
V‘“ R — zRg = 5 — 5 V‘u (Rg 1/) =0 (338)
— (L _Lor=0 (3.39)
D 2] '

Since, Vag/’)?’ =0.
Thus for D > 2, we have a constant scalar curvature R. And for D = 2, use equa-

tion[3.34}

(gwﬂ5; - g&)/";;) IR = (gwu;,f - gv,oé\;) 0, R (3.40)

Contract 7 with p and g, » with g#,

(Zgwﬂ - gw#) o,R = (Zg,,/,c - g,,#) 0, R (3.41)
0,0 R = guy g0, R (3.42)
= J,R=0 (3.43)

We thus have a constant curvature for a maximal symmetric space, and the curvature

tensor is fixed by it as,
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R
Rr‘uwa = m (gw‘ugrv - gvygrw) (344)

3.2 AdS as a maximally symmetric solution to Einstein
Equation

We start with the Einstein-Hilbert Action,

1 D _
5= JIGWGD/d | g1 (R=A) (3.45)

giving the following vacuum Einstein equation with Cosmological Constant,

1 1
R{Lw - Eg‘uVR + EAg{uV =0. (346)

Contracting with g#” we see that,

D A

R=p b Reo=p a8

(3.47)

Such space with R, o g, are called Einstein spaces. The Einstein equation’s only
condition on vacuum spaces is given by equations That is a constant scalar curvature
and R y«g,,. We look for maximal symmetric solutions. As we will see, these spaces satisty

the above conditions without any further input with the Riemann tensor given by:

Ruvpr = K (gwg#/, ~ gvp — gw) . (3.48)
Anti-de Sitter space is the maximally symmetric solution to the Einstein Equations with
a constant negative curvature and a negative cosmological constant. Similarly, we have de

Sitter space with constant positive curvature and a positive cosmological constant.
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3.2.1 AdS as an Embedding

We define the d-dimensional anti de Sitter space 4d.S,; with length scale L as the submanfiold

of a (d + 1)-dimensional Minkowski-type manifold 4~ as follows:
1. Let (XO, Xt ..., Xd) be the coordinates on M 4~12,
d-1,2: . . 2 0\2 1)\2 d-1\* 4\
2. So M4 b*isaspacetime with ds* = — (dX°)"+ (dX1)"+.. . + (dX ) — (dX ) )

3. We define AdS, as the set of all points (XO, Xt ..., Xd) satisfying

- (XO)2 LY e (XY o (x)2 = 2 (3.49)
or,
-1
(X0 = > (X + (X = L% (3.50)
=1

This embedding is carried out similarly to the sphere and de Sitter spaces. We see that,
the isometry group of AdS 4is SO(d - 1,2) (with (d + 1)(d + 2) /2 number of generators)

is thus a (4 + 1) - dimensional maximally symmetric space!

. . . Definition Isometry Group
Embedding Space Metric Submanifold of Submanifold of the Submanifold

2 2

Ed ds? = (dX°)% + (dXY) 4.+ (deH) + (dXd) 54 s (X = 12 SO(d +1)

2 2 2 2 :

M ds? = = (dXO) + (dX") o+ (A7) () ds? —(X02 4+ 37 (X)) =12 50(d, 1)

2 2
M1z dst == (dX0) + (dX') ok (dX) = (axd) adst (X2 - T XD (XD =12 SO@d-1,2)

Table 3.1: Sphere, de Sitter, and Anti-de Sitter Spaces.

3.2.2 Riemann Curvature Tensor

a) A Nifty Way: Locally Flat Metric:
Let X =W and X .X = NuwX X750,y =0,1,...,d-1withsign (77[“,) =(-1,1,...,1).

We can eliminate the W coordinate to get the coordinates on A4S d,
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The defnition of AdS? now reads X.X — W2 = —L2.

So,
W?=I*+X.X
T X.dX
T L2+ XX
Thus,

ds* =, dX*dX” — dW?

Lo XAXP
45 = (WV - (%)) AX*dx”

(3.51)

(3.52)

(3.53)

(3.54)

Thus, for X — 0, we have locally flat metric (at X# = 0, where the Christophel symbols

i.e the first order derivatives of ¢ vanish) -

1 2
Lur X Tur — T3 luallnp X XF

Thus it is now a lot easier to compute the curvature tensor:

For locally flat coordinates, g;,(x) = 7., + Bw’lg.xlx’ + -+ we have -

Repur = (BTVrP# + BMMV) - (BPW# + BTWV)

Using the form we have

1

Repwr = —73 (%M/w - %vw)

Comparing this with the maximal symmetry condition at X¥=0toget K = -L

and thus for d-dimensional anti-de Sitter space, we have at any arbitrary point,
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(3.56)

(3.57)
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1
Rrp/w = _ﬁ (grygpv - grvgp‘u) (358)
And
d(d - 1) d-1) (D-2)(D-1)
R=-2 Ry = g A= - . (3.59)

b) Stereographic Coordinates: Conformally Flat Metric

We map (XO, X ..., Xd) -coordinates on AL 412 satisfying equation|3.50jto (xo, ceey x4 — 1)

as follows:

Xt=——, u=0,1,...,(d-1) (3.60)

(3.61)

where, %2 = —(x9)2 + (x1)2+ ... + (x471)2

Now, we write the metric on the embedding space in terms of these stereographic coor-

dinates,

-1

ds* = —(dX°)* + > (dX")* - (dx?)? (3.62)
i=1
4, l+x? %, dxt
dX —d,ol_x2 + p(l—xZ)z (3.63)
2xt 2p )
I = _ H“ H“ v
dX dpl_x2+ (1_x2)2 [(1 X )3,, + 2x xV] dx (3.64)
Then
4/32
2_ 32 2

ds*=dp - xz)zdx (3.65)
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2
with dx? = —(dx°)? + (dxD)* + ... + (dxd_l)

We thus see that AdS (of length scale L) spacetime is conformally flat!

— X
1 412

Now for a general conformally flat metric g, = (%) Yuv> we have the following result:

2
1
Luv = (—2) N (3.66)

4
Rl;,oa' = m (771/03;‘ - 771/,095) (367)
1

= 5 (~gp? + g0 9%) (3.68)

3.3 Coordinates on AdS Spacetime and the Boundary
3.3.1 Angular Coordinates, Hyperbolic Space

The definition of AdS3 is (T?+W?)—(X?+Y?) = L?)if (T, X,Y, W) are the coordinates

of the embedding space.

Set

T =Rcost,WW = Rsint (3.69)

X = rcos0,Y = rsiné (3.70)
Then

ds? = — (dRZ n der) n (d;»z 4 72492) (3.71)
We have,
R2_ 2=
RAR = rdr
dR? - dr? = ——dr”
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dr?
2_ _ 2 192
ds” = (l+r)dt +1+r +7r°df (3.72)

This is independent of the time coordinate # viz. we have defined coordinates (z, 7, 0)

on AdS3 where the metric is static.

V1+72cost
V1 +r2sint

7 cos @

T
w
X
Y =rsind (3.73)

Similarly, we have the following metric on Ad.S d_

2 dr? 2 102
ds :—(1+r)dt + s Q) (3.74)
Now, letting 7 = sinh p -
ds? = — cosh” pdt* + dp* + sinh® ded ) (3.75)
= — cosh? ,odtz + dH;_l (3.76)

This indicates that 44S% has a hyperbolic spatial part!

T = cosh pcost
W = cosh psint
X =sinh pcos

Y =sinh psin g (3.77)
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3 Geometry of AdS Spacetime

3.3.2 Poincare Coordinates

Poincaré Half-Plane.
Consider the Upper Half plane of R2 equipped with following metric -
(dx? + dy?)

2 (3.78)

ds* =
There are two interesting features -

1. Consider 1d object along x axis situated at y - with length / = ‘;7’“ Now as we decrease

y, i.e. move towards y = 0, we see that the object shrinks (in x) [with constant].

2. The edge/boundary y = 0 is infinitely far away from any (x, y)!

N
/ds—/0+ 7—log(F)—>oo (3.79)

This metric is again conformally flat and has hyperbolic geometry.
The concept of Poincaré Half Plane is useful in AdS, too, due to the following choice of

coordinates:

Rewrite the definition of 4dS3: (T% - X?) + (W?-Y?) = L?

Now write
)
T2 _ x2 = 12t 2x
w
2_ 2
o y? = 121+ S0
w
r=1-x=1%
w w
_L(a o o
—Z(X -1 tuw —1)
Lo o, o
W—Z(x —Prw +1) (3.80)
This gives us the metric -
LZ
ds? = = (—dﬂ +dx?+ dwz) (3.81)
w
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3 Geometry of AdS Spacetime

Md—2,1

Figure 3.1: A constant w slice of Ad.S,.

AdS? Minkowski version of Poincaré Half Plane equation We thus have a spatial
boundary atw = 0!

We can easily extend this to d-dimensions. ..

Light Cone Coordinates:
W+:W+Y:—(x2—t2)+w (3.82)
w
1
W =W -Y =~ (3.83)
w
which satisfies 7% — X2+ W*W~ = L?
Consider the Poincaré coordinates on Ad.S>:
L? L?
ds = = (-d:z +dx? +dy? + d2P + dwz) == (—dt2 +dit+ dzZ) (3.84)

Where in writing the second notation, we have let 2z denote the coordinate perpendicu-
lar to the boundary (z = 0). So slices of constant w are just the familiar four-dimensional

Minkowski spacetimes A 31

o Setw = L?/rto get

ds* = (—rzdtz + izdrz) + r2d x>, (3.85)
r
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3 Geometry of AdS Spacetime

Here we have the boundary at » — oo

o Setw = Le*'Lin equationto get
ds? = % (—dt2 +dx® +dy* + dzz) + du? (3.86)
with # € (—co, 00).

We thus have Poincaré coordinates on A4d.S9 as:

Xt = Txt (3.87)
Xt=Xx44 x4 = %;;Pax/’x7+[,e” (3.88)
X =X4-X41=L¢t (3.89)
ds* = 9, X* X" —dX* dX~ (3.90)
giving the following metric -
ds* =T Nuvdxtdx” + du®. (3.91)

Thesplitting X#and (X d x d‘l) reflects the splitting of the isometry group SO (d — 1, 2)
into its two subgroups - SO (d — 2,1) and SO (1, 1).

3.3.3 The boundary of AdS

Write » = tany in equation

ds® = !
cos? ¥

(e + dy? + sin yd0 ) (3.92)

Note that here y € [0, Z) only (i.e. not upto 7) and we thus have the spatial part not

del_l globally but only locally, i.e. the northern hemisphere. Thus spatial part is just B d-1
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3 Geometry of AdS Spacetime

topologically and is thus bounded by S9~2! This is just £4-2 with infinity identified as a
single point. Adding back the time coordinate, we see that 4d.S 4 is bounded by M d-21
In 3 dimensions, this is like a ‘tin can’ - a spatial part bounded by a circle and then time
coordinate extending it to infinity.

Negatively curved spaces (or Hyperbolic spaces) do not have boundaries in general since
they stretch to infinity. However, there is a notion of the conformal boundary for such

spaces. We can illustrate this via 4d.S3. The global metric reads,

ds® = L
cos? p

(=dt? + dp* + sin® pd§?) (3.93)

Upon a conformal rescaling of this metric with cos? p/L?, we see that the spatial part
corresponds to a half sphere having a boundary S! corresponding to p — 7/2. We conclude

that asymptotically, the boundary(via conformal scaling) of 443 isjustRx.S 1_the cylinder.

Figure 3.2: Geometry of Ad.S 3. The spatial part of the AdS bulk is hyperbolic in nature and
is conformally a (half) sphere.

Given that we have a boundary based on conformal scaling, to connect to a theory in AdS
bulk from the boundary, we need a conformally invariant theory on the boundary, which
amounts to studying the Conformal Field Theories. In particular 2D CFTs on a cylinder

play a significant role.

3.3.4 Hyperbolic Coordinates

On AdS3:
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3 Geometry of AdS Spacetime

_
SPANALGC—N o ——
sa-.nok: . T T.b
H, N— Sl

M ] R

xs'

Figure 3.3: The geometry of Ad.S; with hyperbolic spatial section and R x S conformal

boundary. The interior of this cylinder is conformally related to the bulk of A4d.S5.

(T2 - X?) + (WZ—YZ) ~1

Set,

2
+ Vzd;kz

2

dr
2 2 3772
dt” + +r°dHy .

T = Rcosht
X = Rsinht
W =rcoshy
Y =rsinhy
and the metric becomes,
ds* = —(r? = 1) de* +
s (r ) >
For AdS?, this becomes -
2 _ 2
ds® = — (r — 1) -
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Note:

de = d,oz + sinh? ,onfi_l

dQ2 = dy* +sin> ydQ |

e For S3 c E4,
dr?

ds* = . + 7 (d&’z + sin® 6’d¢2)
-7
e For S? c E3,
2
ds* = 1“’_772 +rtdp?

3.3.5 Euclidean Anti-de Sitter Space

Use the stereographic coordinates. Proceed by,

X0 = /5T

20 = ixT

Then,

1
XM = —xt, M =T,1,2,...,d -1
1-ip
L(1+x—2)
d 412
X :1—362
vy

Herex = (x7)2+ (x1)2 +... + (x4 )2,
So that the Euclidean AdS condition is satisfied:
d-1

(XT)2 > (Xl’)2 - (XY =-1?

i=1
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Thus giving,

2
— X
1 412

ds? = ( 1 ) ((de)Z + ()2 e+ (dxd‘l)z) . (3.106)

o AdS g is conformally related to £ d.

o A ng is toplogically the Euclidean ball x? < 412, having a boundary S4~! (which is

basically E4~! by identifying infinity with a single point).
3.3.6 Maldacena’s:

In equation , setu = X0+ z'Xd, v=X"-7X%s0 that,

X2=X*X"-X?>=_[? (3.107)
Now, define the following
S R (3.108)
u
S U
£2=>(¢9) (3.109)
a=1

Then using equation eliminate v:

LZ

v=E%+ = (3.110)
u
Introduce the cooridnate (1, £#) on Ad.S*:
du® -
ds? = 122 4 2 (3.111)
u
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3.3.7 Witten’s

In equation|3.111{set L = 1 for simplicity and introduce the cooridnates

(fo,f) = (%‘1,5) (3.112)

Then,

4= - ;))2 ((5150)2 ; dfz) (3.113)

This looks similar to that derived in Poincaré coordinates, but note that £° is a light cone

coordinate, has both time and space mixed...

3.4 Penrose Diagrams

Penrsoe Diagrams offer a neat way to represent any spacetime into a finite region of space
holding the some information of its causal structures as well. One can follow the following
recipe to construct the Penrose Diagram which is also usually called Causal Diagram or a

Conformal Diagram for reasons that will be clear from below:

1. Starting from any form of the metric of the given space-time, identify two non-compact

coordinates.

2. Re-write the metric by using the null-coordinates over the previous two non-compact

coordinates. The resultant will still be non-compact.
3. Compactify the two null-coorduinates (say using tan™1).

4. Re-define and go back to the temporal and space coordinates, which are now compact.

Express the metric in these coordinates.
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3 Geometry of AdS Spacetime

5. Remove the conformal factor and (symmetric) contribution from any other coordi-

nates in the metric.

6. We end up with an unphysical Weyl transformed metric, whose two temporal and
spatial coordinates are compactified, and the null geodesics (thus the causal structure)

of the original spacetime are preserved.

Consider for example, the Minkowski Spacetime,

ds* = —dt* + dr* + r*dw? (3.114)

with ¢ € (—00,00) and 7 € [0, o).

1. We re-write this in the null coordinates as # = £ +7,v = ¢ —r (also called the light-cone

coordinates) with #, v € (—o0, 00)-

ds* = —dudv + - - (3.115)
2. To compactify #, v we define,
p= tan~! (#)
g=rtan"! (v). (3.116)

So, p,9 € (-5, %). And the metric now reads,

1

2 T e — .« ..
ds”® = p—y— dpdq + (3.117)
3. We bring back the temporal coordinate via
T'=p+yqg
X=p-g (3.118)

65



3 Geometry of AdS Spacetime

These coordinates are compactified,
—-T<T+X <7
-r<T-X<ur. (3.119)

The metric finally reads (after a weyl transformation to remove the conformal factors

and supressing the contribution from other coordinates),

ds* = —dT? + dX*? (3.120)

Figure(3.4{shows the region of 7', W with the null geodesics given by the j—MT/ = +1 lines.

TimeLiee

'Lt—’-]‘ INF—WITV(“)

T
ii/\_/w MuLL wrrnmry('gf)
NulL Gevpesic

1o~ SPAELIKE IV ITY (i°)

~ SpacELivE GepnES\e

<
PE'VEUK’E -DMGI‘“W o v iveiry (x)

oy (Vinkactbi g\uﬁufm fi‘ TIMEUKe Grevpeeic

Timeu ke lNF{un}:('q‘)

Figure 3.4: Note the suppressed S 2 at every point. This is the infamous half-diamond of
Minkowski Space.One could add the § 1 part which makes the point /% into a circle. The
boundary (null infinity) is the conformal boundary of the Minkowski Spacetime.

3.5 Geodesics and Penrose Diagram for AdS

Before drawing the conformal diagram, it’s good to look at the geodesics on the AdS spacce-

time. One can do so by extremizing the action of a free particle in a d + 1 dimensional space
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3 Geometry of AdS Spacetime

(szgn (=, +,...,+,—)) with coordinates X# along with a constraint (Lagrange Multiplier)

XeX, = L%, which restricts the particle to AdS.

S[X,2] = / de 402, +2 (L2 - x0x,)| (3.121)

This gives the following Equations of motion:

Xt =-)x¢ (3.122)

X¢Xx, =L* (3.123)

Note that, upon scaling the world-line parameter 7 — 7 = y7:

S[X,A] :7-S[X,i2] (3.124)
Y
Thus, 2 can be modified by any positive real 2. We thushave 1 = + #, 0 as the three kind

of choices. Further, differentiating equation|3.123|gives, X"uX,=-X"X,. Thus 1 = +#

gives the timelike geodesics, A = —# gives spacelike geodesics and 1 = Ocorresponds to the

null geodesics in AdS.

1. Timelike Geodesics: X# = —#X #_solutions of which are,

t t
X# =¥ cos — + % sin — (3.125)
Y
along with the constraint,
2 28 . .ot .
L =v-vcos"—+-Dsin” —+v-0sin2— (3.126)
Y Y Y
e A trivial solution for the above is,
t .t
Xo=Lcos—,X;=Lsin—, X; =0. (3.127)
Y v

In terms of the global coordinates, this is the trajectory for a rest particle at p = 0.
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e One of the peculiar solutions is given by,

Lcost

X, = 4
cos px

4

X, = Lsin —
Y

t
X; = Ltan p, cos —
Y
X; =0, (3.128)
These coordinates (not exactly in the global coordinates form) correspond to the
oscillations around p = +p, in the 1-direction.

e A more general trajectory is given by,

L cos %
Xo =

Cos ps

L sin %
X, =

Cos px

t

X1 = Lcos—tan p,
2

X, = Lsin — tan p,
Y

X; = 0. (3.129)

This trajectory describes the particle in global coordinates, circuling at p = p.,

with 6(¢) = ¢ in the 1-2 plane.

2. Null Geodesics: X* = 0. The solutions are just linear. The geodesics of Minkowski

space are indeed preserved.
3. Spacelike Geodesics: X* = #X . Solutions take the form of hyoerbolic functions.

Some facts to note:
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3 Geometry of AdS Spacetime

1. Any timelife geodesic on AdS spacetime is equivalent to a circular orbit or a particle at

rest via a suitable conformal transformation (AdS) Isometry.
. . . 1 . .
2. All timelike geodesics run at same frequency 3 with period 27y

3. A null geodesic takes a finite time to reach the boundary (which is infinitely far away)
- thus requiring a boundary condition. One usually assumes a reflective boundary

condition.

Now we try to draw the penrose diagram for AdS keeping the above in mind. In the

global coordinates the (Weyl transformed) metric reads,
ds* = dt* — dp* — sin® pdQ* (3.130)

with ¢ € (—00,00) and p € [0, 5).

: : i
Ty gu\l—fbawvokl}’ I)
. R (
gl [ wuuL GeopesC
/
< <
/
T\“E’\'w—clc ‘{/‘ i
Oleﬂ!ﬁg 7'
=0
i f=0 p=n
% 1

Figure 3.5: Penrose Diagram for AdS. On the right the time coordinate is compactified. The
timelike boundary isR X .§ 1 for AdS3.
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3.6 Approaching the Boundary

We have seen two different metrics on the (conformal) boundary of AdS - a cylindrical one
from the global coordinates and a Minkowsk: one from Poincaré Coordinates. The way to
reconcile this is to note that there are, in fact, infinitely many boundary metrics one can
approach from the bulk of AdS. Starting from the global coordinates, we can see it as follow.

One can approach the boundary p = 7 generally via,
=2 _ef (1,Q) (3.131)

taking e — 0 with /(¢, Q) being an arbitrary function. The metric is modified as,

45 = m (~de? +sin (p (e.£)) d22)

~ ezf(t 5 (~de?+ (1= ) d0})
|

=F (1,9 2(—dt2+d(22) (3.132)

Take f = ¢7* and then define » = ¢, get back the flat space coordinates (polar form).
All these are indeed conformally related to the flat metric. For Euclidean AdS, p = 5 — €™
gives the flat Euclidean Boundary. p = 5 — € cos(#) gives a de Sitter type Boundary.
p =75 — 3 (cosd — cost) gives the flat Lorentzian Boundary. Where, 2 — 0! We cleverly

used the Poincaré coordinates where z now fulfils the role of ¢!

3.6.1 Projecive Null Cone

We can define coordinates on the boundary of AdS by using the embedding space. On AdS,

we had for the Euclidean case,

sin ¢ (3.133)

, W=
cos hp cost cosh p

X;=LtanpQ,;, pe(0,7/2) (3.134)

X0 =
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At the boundary (approaching through[3.131]), Xy — co. We can instead define P4 =
¢ X 4 on the boundary, which makes P finite (¢ — 0). Since X4X, = L? wehave P, P4 =
0 and also P4 ~ AP4. These coordinates define the projective null cone - the boundary of
Euclidean AdS in the embedding space. One can then explicitly find the geometry of the

boundary - as a section of the null projective cone corresponding to difterent fs.
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Chapter 4

Symmetries in Conformal Field Theory

In the last chapter, we saw that the boundary metric of AdS is defined only up to a con-
formal scaling. This is how conformal field theory enters the theory in AdS, as a potential
QFT on the boundary. Conformal field theory is a quantum field theory that is symmetric
under conformal transformations in addition to Lorentz or Poincaré transformations. The
goal of the current chapter is to describe the conformal transformations (as a generalisation
to isometries) and the algebra (group) formed by them in general dimensions. We also study
the fundamental properties of QFTs with such symmetries. In particular, we study the be-
haviour of fields, constraints on the stress tensor and the correlation functions in general

dimensions.

4.1 Conformal Transformations

Transformations x"# = x* + e£#(x) which satisfy

Lo (%) = A(x) gpor (%) (4.1)

This gives us the conformal killing condition,

brsp+ Epr +Kgor =0 (4.2)

where we let A(x) ~ 1+ ex(x) + O (€?).

In flat spacetime, this gives,

2
&pfa + aafp = 277/30'5 ) 5 (4-3)
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A little more calculation and we can completely determine e,

_ v V..p. _
Ev=ay+ by X + X" XF5 Cuyp = Cupy- (4.4)

i.e. it can depend on x at most quadratically.

Subbing this form order by order, we get the following:
1. No restriction on the constant term « 2

2. byy = anuy + Myy; My, = =My, a is the trace of b. We thus have a pure trace term

(corresponding to the scaling) and a Lorentz transformation term in 4.

g

_ -1
3. Cuvp = Yupby + 9urbp = 1opbys by = 3¢5,

We then have the following:

Infinitesimal Generator (for a scalar field)

Transformation type Finite Transformation “G)
a
Translation X' = x4+ g# P, =-i9,
Dilatation/Scaling x'* = qxt D = —ix*d,
Rotation Xt = MEx? Lyy = i(x,0, = %,0,)

& = xt +2(x - b)x# — btx?

Special Conformal Transformation l K, = —i(2xp,ux’0, - xzaﬂ)

e — Kbt x?
X 1-2b- . x+b*x2

Table 4.1: Conformal Transformations, their finite forms, and infinitesimal generators for

(scalar) fields.

The infinitesimal and finite transformations are familiar in the cases of translation, rota-

tion, and scaling. The calculation for SCT is given in

4.2 Conformal Algebra

The conformal algebra is then just extended from Poincaré algebra adding the commutation

rules with D, K as follows:
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|D,P,] =iP, (4.5)
|D,K,| =-iK, (4.6)
|D, L] =0 (4.7)
Ky P,] =24 (70D = L) (4.8)
K., K] =0 (4.9)
[Kp L] = (W#K” - vaK#) (4.10)
[Lps Pp] = i (’WP# - ’7,°/¢PV) (4.11)
[Luss Los| =7 (’MLW + JuoLovp = NupLove = VVFL#P) (4.12)

Write the generators as follows:

Juv =Ly (4.13)
J-10=D (4.14)
1
Jau=5((P- Ky (4.15)
Jou = % (Pﬂ + K#) (4.16)

Here,xu=1,2,...,dand J,;, = =], fora, b =-1,0,1,...,d.
Now comes the fun part!

Jb satisfies the following algebra,

ats Jeal = 7 (Dadfoe + betad = acSod = NodJac) - (4.17)

Yes, this is just the SO (d,2) lie algebra if we consider the space to be M 4-L1 which

has SO (d - 1, 1) as its isometry group! And similarly, this forms an SO (d + 1, 1) algebra
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on Euclidean space with isometry group SO(d)! Note the (+1,+1) while moving from the
isometry group to the conformal group!)

Poincaré + Dilations together form a sub-algebra of the full conformal group. In general,
Poincaré and dilation invariance doesn’t imply Conformal Invariance, but there are special

cases where conformal invariance follows.

4.3 Conformal Invariance in Classical Field Theory

Let Sy, A, Ky be a representation of the following reduced algebra of the full conformal

algebra:
[A: S/W] =0
[A: ’C#] = —iky
["/w KV] =0
(> S| =4 (’Mé”v - ’7/9““#)
[Surs S| = 2 (,ﬂ oSs + 7usSup = NupSra VVJSW) (4.18)
So that,

L/w¢ (0) = Spw¢ (0)
D¢ (0) = Ag (o)

K, 4 (0) = k¢ (0) (4.19)

Using the BCH formula and the reduced algebra [4.18 we compute the action of the
conformal generators on the fields at arbitrary positions. Note that translation is the only

transformation that doesn’t preserve x* = 0.
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LW (s) = ¥ PpLyy(0) =ixf Py
D (x) =™ D (0) e
K,(x)= e"xPPﬂKﬂ(O)e—z'xﬂPp (6:20)

Then we have the action on fields as follows:

Pug(x) = ~id,8(x) (4.21)
Dg(x) = (—z'x”&,/ + A) 8(x) (4.22)
Kup(x) = {xu + 22,7 — 27, — 2ix,x7 0, + ix* 9, } () (4.23)
L () =1 (340, = %,0) () + S () (4.24)

These are basically the G, in ¢'(x") = (1 - iw,G,) ¢(x) = F ¢(x), computed using the
reduced algebra and translation rather than going through the calculation, like in deriving

We can determine the forms of A, k. by letting the fields ¢(x) belong to an irreducible
representation of the Lorentz Group.

Schur’s Lemma: Suppose a group G has an irreducible representation R(¢) for ¢ € G.

Then, if a matrix A commutes with all R(¢), then 4 is a multiple of the Identity matrix.

AR(g) = R(g)AVg € G = A = A1, for somel.

Then by We get

Ao ,x,=0. (4.25)
We can connect the scaling dimension to this via,
A = —iA. (4.26)
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We will work out the details in the next section.

We are now equipped to answer the question, how do fields behave under a general con-
formal transformation?

We will answer this here but discuss the details again in the next section.

The scalar fields transform as,

ox’ _a
L o) (4.27)

p(x) — ¢'(x) =

where, | 2 |= A(x)"7 - the Jacobian of conformal transformations. Recall A(x) from
equation 4.1}

The fields behaving like above under conformal transformations are called Quasi Pri-

mary Fields.

4.3.1 Quasi-Primary Fields: A derivation

One can derive the transformation of fields under general conformal transformations. We
could ask the same question for the Lorentz group as well. How do the fields behave under
them? We generally write ¢'(x") = D¢(x) where D is some representation of the Lorentz
Group on the space of fields, generated by S#” satistying the Lorentz Lie algebra. used this
to derive the generators for fields that give us this finite form! After all, we were in the spell of
‘Particles are an irreducible representation of the Poincaré group’. So are the fields of those
particles. In our case of CFT, the representation of the Conformal Group is almost known
because the fields we consider are irreducible representations of the Lorentz group and the
rest of the details follow from Schur’s lemma; we just need to use the generators to derive the

full finite form.
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Consider the full conformal transformation,

X' =x*+¢ {d/‘ +xf+ o x” +2(b - x)x* — b/‘xz}

= ¥ =at+x* + b x” +2(b - x)x¥ — b¥x? (4.28)

A general theory of symmetries in QFT (behaviour of fields) is discussed in the appendix[Al

For the behaviour of the field under the above general conformal transformation, we just

need to include all the terms using according to equation
/ . . I, .
P(x) =d(x)+e {—m/‘Pﬂ —iD - Ea)f’ Lpy - zb/‘K‘u} (4.29)

So,
$(x) =|—a"d, — x"0, — iA+ la)/’” (x 0, — x,0 ) - i'a)/”’S
“ “ 3 plv = Xvlp| = 5@ Opy
+ b (—z’;c# - ZZ'x#A +x78y, — 2x,x7 0, + xz&#) ]¢(x) (4.30)
Now, for a spinless ¢(x) let
A=-iAI, x,=0,8,, =0.

Then, the infinitesimal flow for the full conformal transformation is,

$(x)=| - a0y —x"dy— A+ %a)/”’ (x/,aV - xyap) +b* (—Zx‘uA — 2x,x7 0, + xzaﬂ) ]¢(x)

(4.31)

Note that we are interested to know the relation between ¢(x”) and ¢(x), i.e F(¢(x))

(see[A)). Alot of the intricacy in the above equation comes from comparing fields at the same

points. If we were to compare them at different points, which essentially translates to finding
¥, then many terms might cancel out to give a less dauntingly looking flow.

Let’s work it out for the known case of Lorentz transformations first. Assume we do not

know ¥, but that we do know the generator L, given by equation
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In principle, for a scalar field, we should get 7 (¢(x)) to be just ¢(x). Let’s see. We will

try to do this in the e-variation form.

X =xF + w, o (4.32)
dw,

#'(x') = p(x) + wﬂ%(x) (4.33)

#'(x) = ¢(x) — {w, G, p(x) (4.34)

The infinitesimal nature of @ can be captured by ¢, allowing us to write the flow form as

follows

“
X" = x*+ ew, o (4.35)
dw,

“
i = 0, 0% (4.36)

dw,
$(x)(€) = p(x) — few,G,P(x) (4.37)
¢(x) =—lw, Ga¢(x) (438)

oF

¢ (x(e),€) = p(x) + Ewag(x) (4.39)

d oF
2P (x(€),€) = w, o (x) (4.40)

equation[4.40|is intersting. Use the chain rule and find that,

’F . )

a)ﬂg—wd = $(x) + 5#0,4(x) (4.41)
Thus in the e-variation form, the finite transformation of the fields is,
d ) .
%gﬁ (x(€),€) = (x) + 50,0 (x) (4.42)
where to recall again,

“
=0, (4.43)

dw,
$(x) = —iw,G,¢(x) (4.44)
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Note that all the terms in the RHS have their ¢ dependence, too; we dropped it for con-
venience.

Now to the Lorentz transformations. It should be simple - we expect the RHS to vanish.

1
## = 2087 (9%, - 3l ) (4.45)
. 7

=——QFr7 s —

P(x) ZQ (z (x/, 0y x(,3p)) (4.46)
Clearly,

%0y ~ X505 — X405

$(x) ~ x,0; — %50,
And they indeed cancel out! Our guess for a less daunting flow form is correct . . .. Ba-

sically, our generators include both the functional change and the argument (coordinate)
change. So things simplify when we put everything together. [Actually, recall in the Lorentz
case, the generators were determined so that when you put everything together, things are

simpler, i.e. give out a representation of the Lorentz Group]

We can now tackle the full conformal group. Use equations|4.28{and |4.31|in [4.42}

d 1
%¢ (x(€),€) = [ —a%0, - xt9, — A+ EQF‘T (xpéa - x,§p)
+ b* (—ZxﬂA — 2x,x7 0, + x‘z&ﬂ) ]¢(x)

+

1 g
a’ + x* + EQP (5,?.960- - 9(/;96/3) +2(b - x)x* - bﬁ‘le 0, P(x)
(4.47)

Clearly, this is just

%¢ (x(€),€) = =Ap(x) = 2b - xAg(x)
= —A(1+2b - x) $(x) (4.48)
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Let’s try to relate this to the conformal scaling factor of the metric A(x) in equation|[4.1]
which technically dictates/defines the whole conformal transformation. From the analysis

given in the section we write

AN (x') =1 +ex(x)

xu):-ga-f (4.49)

Using the £ for the full conformal transformation, we get

Alx)=1+¢ (—% (d+2(b.x)(1+d) - 2(b.x))

=1-¢

2(1+2b- x)] (4.50)

Looks like it is indeed connected. So for general conformal transformation, we have (ex-

panding A(x) = 1 + ex(x))

g;w(x’) =A%) gu(x) =1-€[-2(1+2b-x)] gu (4.51)

so we have on the same lines of equations and the following evolution of the

metric -

d

%gw(x(e), €) = =2(1+2b-x) gu(x(€), €) (4.52)

Using this in equation gives,

$_Agw
¢ 24w
g/ ) AJ2
¢(x') = % B(x) = Ax)> g (x). (4.53)

We thus have the general conformal transformation law for spinless fields.
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4.3.2 Energy Momentum Tensor

Now, under conformal transformations,

1
08 = / d?xTy (9 €) (4.54)

1. Tracelessness of 7#” = Invariance of Action under Conformal Transformations!

And the converse need not be true since € is not arbitrary.

2. Under certain conditions, 7#” of a scale invariant theory can be made traceless.

Consider x'# = (1 + a) x*; F (¢) = (1 — @A) ¢ - the scale transformation.
Then we have,

0L
T o S 4
Jp=Tx" + 55#¢A'¢’ (4.55)

here, 7, is the canonical Stress tensor - due to translations.

Define the Virial of the field ¢ to be:

Y
3(0rg)

For a scale-invariant theory if it possible to write

¥ (7“PA +iS4F) ¢ (4.56)

VE=0,0% (4.57)
for some o##, then let:
y 1
7 = > (™ + o7#) (4.58)
so that defining,
2 v v v A 1
Apuy A A A v A y A v a
X7 :m{v fol = el e v e (;7 Egt? — iyt )aw}
(4.59)
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allows us to modify 74" as follows:

T# = T + 9,87 + %al 9, XHPHY (4.60)
The first two terms just correspond to the Belifante Tensor, and the third is symmetric
in &, vand d,0,0,X Apiv = (. The trace of the third term is 0.V E.
We then have,
Ty =0,/ (4.61)

which vanishes on the shell! And we can thus write,

jg =T %" (4.62)

ad the current corresponding to Dilation. But this analysis is clearly valid only for d # 2.
Fora d = 2 free field, the canonical/Belifante 7#” has a vanishing trace! So, no modification
is required! There is no general proof known in 2 dimensions regarding the traclessness for
scale-invariant theories. But we will assume it to be true and continue. We will show that the

expectation value of Y;f vanishes in d = 2 if conformal invariance is present to justify this.

4.4 Conformal Symmetry and Correlation Functions

Now, we move to the behaviour of correlation functions under conformal transformations.

The richness of conformal invariance in 2 Dimensions allows us to define theo-
ries based solely on the symmetry properties of the correlation functions, with-

out reference (except in a few cases) to an action or a functional integral! ([7])

It speaks the strength of the conformal symmetry. Rather than counting the indepen-
dent degrees of CFT, we focus on the number of local operators closed under conformal

transformations.
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4.4.1 2-point Correlators

We have for Quasi-Primary, spinless fields,

ox' |3 (0x'|F , ,
(1(x1)p2(x2)) = pyo N by el O (1(x]) p2(x3)) (4.63)
e Scale Inv. = a prefactor of A1+As

e Rotation and translation Inv. further restricts the correlator to £ (| x1 — x2 |), such

that £ (x) = 28122 £ ().

So thus far, we can say that,

Cn
($1(x1)¢a(x2)) = T, P (4.64)
Now, let’s analyze what SCT does -
Firstly, note that under SCT,
X1 — X
X1 — %3 | > # (4.65)
7"
where,
ox’ 1 _
| o lscr= — =y d (4.66)

(1-2b- x+ b%x?)
So, Yr=x1 = Y1 YVx=x; = )2-
So for respecting equation we must have

Ci Ci (71 7/2) (A1+A2)/2

R e R | B e v

To satisty this identically - we must have A = A,.
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Hence, the 2-point correlator for a conformally invariant theory is completely restricted

up to a constant!

C
% AIZAZ

(P1(x1)p2(x2)) = {|x1—x2 (4.67)

0 A # Ay

4.4.2 3-point Correlator
The Scale, translation and rotation impose a similar restriction again,

(abc)

(1(x1)p2(22)$3(x3)) = %

c
X12%23%31

st.a + b+ c = A1 + Ay + Asz. Note that the above can be summed over 4, 4, c.

But SCT imposes the following -

(abc) (abc) a b <
Cis - _ G (nn) (nn)’ (sn)’
VASRVACIVAY VASRVAVIRVAY b
s MY Vs X1H%53 %5

Thus, the three-point correlator is then completely restricted by a constant again as fol-

lows:

Ci23
<¢1(x1)¢2(x2)¢3(x3)> = A1+A2—A3 A2+A3—A1 A3+A1—A2 (468)
*12 23 *13

Such a complete evaluation of the form of correlation functions stops at 3-point func-
tions. For, there are cross-ratios, which are conformal invariants, possible in higher correla-

tors.

4.4.3 4pt. Correlator

If we have four points, x1, ¥, 3, x4, then we can construct anharmonic ratios/cross ratios,

which are invariant under CTs given by -
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X12X34 X12X34
4 o T2 (4.69)
X13X24 X14X23

r(xb X2, X3, X4) =

So that,

4 A_A_A,
(@1(31)$2(x2) $3(x3)Ba () = f (% ’“2"34) [T, (470

J
X13%24 X14%23 )

where, A = Z?:l A;.
4.4.4 Ward Identities for Conformal Symmetry

Ward Identity for translation invariance is:

0
0 (THX) = 30(x = x1) 5 (X) (4.71)

This also holds true even after modification - as in equation (Identical Divergence-
less)

Ward Identity for Lorentz Invariance:

JEP = T P — THP i (4.72)

This can again be obtained post-modification using Belifante tensor . . .. Here 7#” is the
same as that of translation stress tensor! That’s the result of Belifante modification or any

symmetrization scheme.

So Ward Identity reads,

0 (T 5P = T#x) Xy = 37 8 (x — ;) [(x o - xf a;) Xy -S| (473)

S; is the spin generator for the 7-th field ¢;.
Using we can further write this as
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(TP =T"PX)y=-i > d(x—x)S,"(X). (4.74)

T'* symmetric within correlation functions, except at the contact points!

For scale invariance: we have for d > 2 (but we will assume it can be done for d = 2 as

well)

Jp=T'*

from equation (T modified to be traceless on the shell).

Ward Identity reads -
@UfﬂX)z—}]Mx—m)%j;VQQ+AMX% (4.75)
7 xl’
Using equation again gives,
(T Xy == 0(x—x)A; (X). (4.76)

The stress tensor is traceless again except at the contact points!

Equations |4.71} |4.74} [4.76| are the three ward identities for Conformal Invariance. We

have obtained the above correlation functions by substitution of appropriate currents in the

general Ward identity

4.4.5 'Tracelessness of the stress tensor in 2 dimensions

Our goal is to show that vacuum expectation value of the trace of energy-momentum tensor
(or of its square) vanishes in 2 dimensions if the theory has scale, rotation and translation in-
variance! This is basically a discussion on the lines of whether the stress tensor can be made
traceless (thus implying the considered theory is conformally invariant) given scale, Lorentz

and translation invariance. We already showed this for 4 > 2. Here, we try to justify our
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generalization of that to even d = 2 by showing that the expectation value of the trace of
energy-momentum tensor vanishes between ground states anyway.

We consider a 2-point function of Energy-Momentum Tensor called Schwinger Function.

Suvpo () = (T () T, (0) (4.77)

By translation, scale symmetry and symmetrization, we get

S}w,oa = <T}w(0)7:oz7(_x)>
= (T (=2) 11, (0))

if parity symmetry

= pa‘uv(_x) Spa/w(x)

L S[uvpa‘ = Svlu/m' = S‘Aw,oa' = Sv‘u(r,o
4 S[uv,oa' (/’lx) = /1_45541//00'

The general form of the functions given these symmetries can be written as,

Suvpo (%) = (xz)“/*{Algng(xz)%Az (gepoe + gur ) ()2 (4.78)

2
+ A3 (g[wxpx, + gwx#%) x°+ A4xﬂx,,xpx,}

(4.79)

6/‘ T'* = 0 extends to the Schwinger function to give

A
Suvpe (%) = W{ (3§/wgfw ~ Sup8ve gzwgw) (x)*~4 (gwx,gxa + gpffxyxy) x2+8xﬂx1,xpxa}
(4.80)

And it follows simply that
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S7.(x) = (TE () T2 (0)) = 0 (4.81)

In particular, we have

(T (0)*) =0. (4.82)

Thus, operator Tf has zero expectation value and zero standard deviation in the ground

state!
But the general result is equation as already noted - the trace of the EM tensor van-

ishes within correlation functions except at contact points.

89



Chapter 5

Conformal Invariance in 2 Dimensions

In two dimensions, the symmetry group is extended. In addition to the global symmetries
we already noted in the last chapter, there are local symmetries forming an infinite dimen-
sional algebra. These additional transformations are essentially the holomorphic and anti-
holomorphic functions on the complex plane. After studying these in detail, we rewrite the
symmetry identities in the (anti) holomorphic form along the while motivating the behav-
ior of (conformal) fields given by a conformal dimension. We can then read out the operator
product expansion of Stress tensor with other conformal fields. Example cases of free Boson,
free Fermion and Ghost system are discussed where we identify the conformal fields and their
product expansion with stress tensor. In all the examples, we note the anomalous term in the
product expansion of stress tensor with itself deviating from the conformal nature of a field.
This is given by the central charge of the theory, and we relate it to the quantum breaking
of the conformal symmetry due to introduction of a macroscopic scale. It is a special case of
trace anomaly or Weyl anomaly in general dimensions. This is an important aspect of CFT,

and we will discuss this further while connecting AdS/CFT and Geometry in Chapter 9.

5.1 Conformal Transformations in 2 Dimensions - Lo-

cal, Global and The Witt Algebra

0

Start with coordinates z°, 2! € R2. For the transformation 2 — w#(z) to be conformal we

need

du du”
&z“ &zxg g

v

6 £ (2) g% (2) (5.1)

a7 — g (w) =
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5 Conformal Invariance in 2 Dimensions

In the case of Euclidean metric g#” = 9#” we have,

These are just the Cauchy-Riemann conditions for the function

w(z°, zY) = w®(2% 2Y) + 1w (20, 1)

dw! B ow® and 0w’ B _6w1
020 9zl 020 9zl
dw! 3 _&wo d 0w’ _ dw!
020 9zl an 020 9zl

to be holomorphic or anti-holomorphic.

(5.4)

An equivalent formulation can be drawn by using complex coordinates z, Z as follows:

z:z0+z'zl, 0
zO:%(z+Z), z1=i.(z—z)

1
0y = 5(50—1'31) =0, 0z = 5(304‘1'51) =
dy = 0y + 03,

This allows us to write the holomorphic and anti-holomorphic conditions as

Thus,

w(z,2) =w(z), andw(z,2) = w(2)

01 = 1(0; — 0;)

osw(z,2) =0, d,w(z,2) =0

The metric in the coordinates z, Z becomes -
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0 1 , (0 2
g/w:(% 6),g“ :(2 0) (5.11)

The metric allows us to move between the covariant holomorphic index and contravari-

ant anti-holomorphic index as follows:

%2y =2" guy* =y (5.12)

with z, = (2,2) = 2" =2(2,2)and »* = (j,y) = » = %(y,j/) Basically, the
metric swaps the hol. and anti-hol. index but also adds a factor of 2.

We also write the anti-symmetric matrix ¢, as follows:

0 s 0 -2i
= 2 “Y —
Euy (—%Z. 0 ) y € (21 0 ) (513)
We have basically let 5221' = ¢,  x J. Where ] is the Jacobian.

The above discussion on transformations is summarized as follows -

2,2 > w(z),w(2) (5.14)

o The proper way to think about this in the light of real coordinates ( 2, 21), which we
began with, is to let 29, 2! € C so that equations just correspond to change

0 21 we consider the

of independent variables. And to get back the real coordinates 2
real surface z* = z. This is our physical space. We continue to make deductions on
various forms of correlators or other functions based on this scheme of considering

the real surface underneath. This offers a convenient representation of the theory in

the holomorphic and anti-holomorphic forms, as we will see - they decouple.

e Any analytical map between complex planes is conformal! One can trivially see this by
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dw =% s+ 2z = M (5.15)
0z Z dz

The dilation factor is given by the | ’fl—‘;’ | and the rotation by Arg(fl—‘;’).

So conformal transformations in 2 dimensions are the set of all analytical maps, with
group multiplication being the composition of maps. Since such functions admit the
Laurent series, which contains infinite parameters/coefficients - this class of 2d trans-
formations is infinite-dimensional. This becomes clearer when we derive the algebra

of generators of such transformations.

e Although it might look like we are talking about coordinates (z, Z) on C2, we will
mostly just deal with holomorphic functions and anti-holomorphic functions on C
because the whole theory decouples into these, just like the transformations already
did too! Most of the time, we will also not discuss the anti-holomorphic part of the

theory since it runs parallelly, and we can always add it back trivially most of the time.

e Actually we work not on C but on the Riemann sphere C U oo (identifying the point
at infinity with the tip of the sphere) which is compact. That is while we are moving
from R? to C we are also identifying infinity with a single point and compactifying
it. The reason for doing this here might be relevant to the fact that poles become re-
movable singularities on the range C U co. That is, holomorphic functions are then
allowed to have poles too! However, note that such compact spaces are more physi-
cally helpful due to easier boundary conditions. We thus have dual benefits of such a

compactification - trivial boundary conditions and a bigger class of transformations.

This information should allow us to see the behaviour of fields under such transforma-
tions.Any holomorphic infinitesimal transformation using the Laurent expansion around

z =0, 2 = 0 can be written as -
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+00
7 =z+€(2); €(2) = Z 2" (5.16)

and similarly 2" = z + é(2)

So, for a spinless field, the variation in the field is given by -

¢'(z,%) = ¢(z,2)
— ¢(Z/, z/) _ €(z/)a/¢(z/, z/) _ 6_/(5/)5,¢(Z’, Z,)

So,
3¢ = —e(2)dp — E(2)d¢ (5.17)
= > {eulnd (2, 2) + Eulup(2,2) } (5.18)
where,
L, =—-2"19,, [, =-z""10; (5.19)

are the generators of the local conformal transformations acting on the fields, akin to

We can derive the algebra of these generators to be -

[ln: lm] = (}’l - m) Lyim (520)
[l-n, l_m] = (n = m) Lyarm (5.21)
[lm Zm] =0 (5.22)

We deduce that the local conformal algebra is a direct sum of two isomorphic algebras:

L & L. This s called the Witt Algebra, which is clearly infinite-dimensional We are calling
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the generators and thus the algebra /oca/ because they are not defined everywhere, and in fact,
such transformations do not exactly form a group since they are not all defined and invertible
everywhere. We can look for a subset of these transformations, which are global, those which

are well behaved as z — Oand 2 = c0. [z > 0 =w — 0, g = -1

Such well behavedness condition on gives,
¢, =0Vn < -1, ¢, =0Vn > 1. (5.23)

So we have {/_1, ly, 1} U { I_1, Lo, [1} generating the global conformal transformations.

1_1 e —az, l() = —Zaz, 11 = —Zzaz. (524)

At this point, we can compare these with tableapplied to 2 dimensions.

/_1 and /_; generate translations.

lo + y generates dilations.

(lo — lo) generates rotations.

[1, [1 generate special conformal transformations.

Convert the differential generators to Cartesian versions to immediately see that these

indeed are the rotation and translations.

These are the 7#e conformal generators leading to the global conformal group or special
conformal group akin to the conformal groups in other dimensions. But in 2 dimensions, we
have a larger class of conformal transformations possible, albeit local. Generators preserving
the real surface are /, + /, and 7 (ln - l_,l) which corresponding to dilations and rotations for

n=0.
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We can derive the finite form of the global transformation from the infinitesimal trans-

formation,

2 =z+c1+cz+c12° = z+6(4z2+bz+6) (5.25)
t=az’+bz+c (5.26)

The key steps for the integration are highlighted below. Let 71, 7, denote the roots of a

quadratic expression ax*+bx+c

1 1
Z - = Vb2 — 4ac
zZ+7r Z2+nr
/7
Z+r||1g+r
In = Vb2 —4ac¢
2 +nrmllz+n

£rn :kz+r1’ choose ¢’ = Ink/Vb% — 4ac

2+ z2+rm
, g(ri—kr)+(1—k)rir
(k=1 z+ (kry — k)

(5.27)

“4-D) D)

Since a, b, ¢ were arbitrary, we may choose to start with ax?+ 2 ax — 54 and get the

2d finite form of global conformal transformation to be,

B Az + B
" Cz+D

for some arbitrary 4, B, C, D € C. So, the set of global transformations in 2D (forming a

’

(5.28)

Special Conformal Group) is given by the functions

az+b

flo) =222

s.t.ad —bc=1fora,b,c €Z (5.29)

These are called ‘Projective Transformations’, isomorphic to (f Z) € SL(2,C'AndSL(2,C) =

8)(3,1)! So, the global conformal group in 2D is just a 6-parameter (3 complex) group
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S0O(3,1). We can adopt another direction to prove this form of global transformation. By

demanding properties /'(z) must satisfy, thereby restricting it.

1. / shouldn’t have any branch point. Because uniqueness shall not hold around it!
Can’t we define branch cuts? Branch cuts essentially reflect the non-isolated nature of
such singularities (branch points). To remove these, we must modify our domain to a

Riemann Surface.

2. f shouldn’t have any essential singularities. Holomorphic functions around these
points behave wildly! Casorati-Weirstrass theorem says that, around an essential sin-
gularity, a holomorphic map takes all the values of C in any arbitrary small neighbour-
hood! These are strictly non-removable since it is not bounded around the singularity.

This implies non-invertibility around that singularity.

3. Since we have already extended our range to the Riemann Sphere, i.e. compactify the
Complex plane by identifying the point at infinity, poles become removable singular-
ities. This means functions with poles are also possible holomorphic functions (such
functions are called meromorphic). We also avoid the isolated removable singularities

so that our function can be defined in one piece.

P(z2)
Q(z)

This is the ratio of polynomials with no common zeroes. Any holomorphic function

O (5.30)

with poles being the only singularities is written in the above form.

(a) P(z) can’t have multiple zeroes - for invertibility at zero.

(b) If P(z) has multiple zero z¢ of order # > 1 then the inverse has a branch point.

So,
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5 Conformal Invariance in 2 Dimensions

Piz) =az+b, a,beC. (5.31)

4. Q(z)?
(a) Q(z) can’t have multiple zeroes again for the same reason.

(b) Q(z) can’t have zero of order > 1 again.
So, Q(z) = cz +d.

5. fi o f = A14,. This can be trivially shown.

10
6. flofz(Z):Z — AIAZZ(O 1

& a1d1 — bic1 # 0,axdy — brcy # 0. Thus, we can choose the normalization

) — | A1 |#0,| A2 |#0

ad — bc = 1, since f () is invariant under overall scaling of 4, &, ¢, d!

Now that we understand the coordinate transformations, let’s look at how fields behave

under these.

5.2 Primary Fields

We already know how fields behave under the true/global conformal group from the previ-
ous section. But in 2 dimensions, we also have local conformal transformations. Since /g + /o
generates dilations, we expect /o + Iy = —iA. Ttis simpler to consider the spin fields too in
2 dimensions - the representation of Lorentz(spin) algebra is just S, = sy, (in 2d, we just
have a single independent parameter to be generated via the basis of anti-symmetric matri-
ces - thus appears a planar spin). We thus expect 7(/y — lo) = —z'%QF“’SW = s (we use the

definition [5.13])
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5 Conformal Invariance in 2 Dimensions

The Jy, [y can be thus deduced from above,

0= 3o+ 5 o=

7 7
=[-3-5
= —% (A +5) (5.32)
I = —% (A = 5) (5.33)

Thus, we are motivated to define the conformal weights,

h:%(A+J),5:%(A—J) (5.34)

1. We note that in 2 dimensions, the scale and spin are placed on an equal footing - cap-

tured in the conformal weights 4, b, which appear in /g and lo respectively.

2. These conformal weights allow us to place the above transformations on the same lines

of To do this, first note that,
, ) dz\ (dz )
(W, @) = (%) (%) 2u(2,2) (5.35)
This tells us that the conformal scaling factors appear decoupled into holomorphic
and anti-holomorphic parts. A straightforward extrapolation of the transformation

law of quasi primaries would include the conformal weight instead of just the scale

dimensions and include both holomorphic and anti-holomorphic contributions, i.e.,
. dz\" (dz\ )
¢ (w,w) = (%) (%) #(z, 2) (5.36)

Note that in two dimensions, Quasi-Primaries transform as

() = Ax)? p(x) (5.37)
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5 Conformal Invariance in 2 Dimensions

So, the holomorphic form of transformation law of Quasi-Primary spin full fields in 2D

is

dw\™ (dw\”"
¢ (w, w) = (d—z) (d—z) #(z, %) (5.38)

Under the general class of transformations we now know the behaviour under
the subclass, viz., true conformal group. We generalize the transformation law beyond
this subclass to the whole of Not all fields may behave in that manner, but the ones
that do, we will call them Primary Fields. That is, Primary fields are those that behave like
not just under global conformal transformations but also under local ones. These are
generalizations of Quasi-Primaries to local transformations.

Much of the discussion in the 2D CFT revolves around the insights we gain by doing so.
We will use that form as if it’s true for the large class and derive stronger results with weaker
sub-cases for the global transformations, which are the true symmetries. Then, we will phys-
ically link the results obtained. The next few sections will give the results leading up to the
central charge - the conformal anomaly, which captures the breaking of local conformal sym-
metry in the Quantum picture. Also, we call any field that is not primary as secondary.

Note that under infinitesimal transformations w = z+¢(z), w = Z+€(Z) transformation

law becomes,

de,e(2,2) = ¢'(2,2) — $(2,2) (5.39)
= (hpdee + e0ug) - (hpozé + é0.) (5.40)

5.3 Holomorphic form of Correlation functions, and Ward
Identities

Let’s rewrite the correlation functions for 2 dimensions in the above form. Recall thatif n >

4, we can construct conformally invariant cross-ratios. In 2D, with four points 21, 22, 23, 24
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5 Conformal Invariance in 2 Dimensions

we only have a single independent cross-ratio due to co-planarity.

y = 212734 4 _ R14%23 7 12834
= ,1—p= =

b
213224 Z13224 1—7 214223

(5.41)

Under (local) conformal transformations, the correlator of primary fields (7 of them) ¢,

with conformal dimensions 4;, b; transformations as

—bh. _\—b,
dw\ "™ [(dw\
<¢1(ZU1, wl)y- . -3¢ﬂ(wn5 wi’l)) = l_[ (d_) (_) <¢1(Zl, zl)y- . -3¢n(zna 271))
z w=w; 2 | =,
(5.42)
For rotation invariance, we must have any correlation function to be dependent on (2;;2;;) 1/2]
so that on the real surface this is just |z,~j|.

The holomorphic form of the correlators then is straightforward to write,

C
($1(z1, 21)$(22, 22)) = = — (5.43)
(21— 22)" (21 — 22)
1
(121, 22), $2(22, 22), $3 (23, 23)) = Cro— o —
12 %23 13
><1 (5.44)
—191+192—193 —h2+b3—]o1 —/93+191—h2
12 z23 %13
hi=h; _bj3=hi—h;
(B1(21, 22), $a(22, 22), 83 (23, 23) » P2, 2) = f(vav)l_[zl] Zy (5.45)

i<j
where, h = X b, h =3 b;.

The novelty here in 2D is that a non-zero spin is also included (b; — /;)!

The Ward Identities for the conformal invariance (corresponding to translation, rotation

and scaling) are,
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5 Conformal Invariance in 2 Dimensions

0 7 0
a7 (TOI0 == 3330 -3 55 (0 (5.46)
e{(T*(x)X)=—1 i s:0(x — ;) (X) (5.47)
(TEX) = = 37 8(x - x)A; (X) (5.48)

where we have used the two-dimensional representation of the spin operator .

Classically, 7#” is a symmetric and traceless Energy-Momentum Tensor. And in the
Quantum picture, it remains to be so, except at the contact terms. The conservation laws
of the translation, rotation, and scaling can be placed on a connected footing as follows -

which helped us to write the ward identities in terms of the stress tensor.

Canonical Current

Symmetry  Conservation Law (obtained Via Modified Current
Translation 9, T* =0 T T# =T + 9,BFF + 10,0, XAPe
Rotation 0, j*"F =0 jf " JEP =T xP = THPx”
Scaling 0.7%=0 jfc jg =T

Table 5.1: Conserved Currents for different symmetries along with their modified forms in
terms of a symmetric and traceless stress tensor.

We wish to write the above ward identities in holomorphic form. The first step would
be to deduce a delta function that we can integrate over holomorphic or anti-holomorphic

functions.
e Gauss Divergence theorem to convert an integral onC?to0 C.

e Cauchy’s Theorem for holomorphic or anti-holomorphic functions to get the residue

as the function at x = 0 or perhaps hol(x) = z = 0.

Claim:

5(x) = 2ot =

1.1
0.~ (5.49)
T Z T Z
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5 Conformal Invariance in 2 Dimensions

The first(second) form can be used for holomorphic (anti) functions. x = (z, 2).
Proof:

Note that: /MCC2 d*x0,F¥ = /(BM d&,F* for avector F¥.

Here, d fﬂ = £up dsP is the outward directed differential.

So,

/ dzxaﬂF/‘:/ dzes, F* + dze,; F*
M oM

= lz'/ {-dzF*+dzF*} (5.50)
2 Jom

Now this is ripe for Cauchy’s Theorem -

/ L (0)f (2) = — / dzxf(z)c)gl
M

el

= L dz@
27wt Jomr P4
=71(0) (5.51)

This is actually brilliant! Basically, the derivative w.r.t the anti-holomorphic coordinate
allows us to convert the integral into an integral of the divergence of a holomorphic function
- which then becomes a contour integral due to Gauss’ Theorem and leaves out a residue
due to Cauchy’s. Similarly, we have the other case - integrating over an anti-holomorphic
function /E(é) gives f(O).

Using this in the Cartesian ward identities and expanding out the tensor transformation

/0

law, for a change of variables - (x%, x1) — (x%,x"1) = (2 = x%+7x1, 2 = x°

— ix1) gives the

holomorphic form of ward identities,
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270, (T3 X)) + 2705 (T3 X) = o, (5.52)
270, (T3 X ) + 2705 (Ty: X) = Z o, (5.53)
2:{T: X)) + 2 (T3 X) = — Z d(x — x)A; (X) (5.54)
i=1

2Ty X)) + 2(T3. X) = — ZI] d(x — x;)5; (X) (5.55)

Add and subtract the last two equations to get, _
27 (T X) = (5.56)
27 (T X) = (5.57)

Subbing these in the first two equations gives,

J; {(T(z, £)X) - ; [z—wlaw’ (X) + . bi ep (X)]} =0 (5.58)
0, {(T(z, 2)X) —anj [z ! o, o bi Goap <X>]} = (5.59)

Where, T = =27 T4, T = =27 T;.

So we have a holomorphic (anti) condition on the function in equation (5-59).To
avoid any additional singular terms in the stress tensor apart from those which appear in the
ward identities[5.52}f5.55} the above functions must be regular at z = w;

That is, the stress tensor is determined within correlation functions up to regular terms

(at contact points) as follows -

@0 =3 {0 0+

w=1

h;
e w)? (X)}+reg (5.60)
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5 Conformal Invariance in 2 Dimensions

Similarly, for the anti-holomorphic part of the stress tensor.

Note that the mixed components 733, 75 , as given by are just d functions ready
to act on some holomorphic or anti-holomorphic functions and spitting out its details near
contract terms.

Note that ward identities make sense only as distributions irrespective of cartesian/holomorphic
forms.

What we have done so far doesn’t talk to the local transformations yet. Since all we have
done is rewrite the global ward identities in 2 dimensions, including spin. 4, b appear due to

a non-zero spin.

5.3.1 Conformal Ward Identity

There is a slick way to derive a ward identity that actually talks to the "local transformations’!

First, note that,

1 1
0. (6,T%) = €,0,T* + > (5p€p) Nu T + Eg“ﬁﬁaeﬁngW (5.61)

This is because,

1 1

> (6#61, + 81,6#) = E(dpep);yw (5.62)
1 1,

> (@e,, - 81,6#) =3¢ ﬁéﬂe{g‘ew (5.63)

the first one is due to conformal transformations, and the second is just identity.
Using this within the correlation function, integrating and using the ward identities for

scaling, translation, and rotation gives,
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5 Conformal Invariance in 2 Dimensions

/ d*x (9, [e,T*] X) = / d’x {6,, (0, T*) + %a e (T + %ﬁﬂaaeﬂ (EWT‘WX>}
(5.64)
=— Z} d>xd(x — x;) {eva,-y + %a e, + ég“ﬂ 3,,56/351} (X)
(5.65)
=— Z / d*xd(x — x;) {€0; + h;de + e€o; + h;06} (X) (5.66)
=1
We recognize that r.h.s of above equation is just ¢z (X ) From equation|[5.39
So,
ez (X) = /M d*xd, (T* (x)€,(x)X) (5.67)

Now, use the Gauss’ Law with F* = (T#”(x)e,(x)X)

S (X) = %z’ /C {—dz (T#e;X) +dz (T, X) — ds (T%e. Xy + M}
(5.68)

We have 7%% = T,; and T%* = T, which are basically § functions appearing in the
integrals over the wrong variables, which makes both the terms vanish!

Thus we have the Conformal Ward Identity (integral form) as

1 1 C_p N e
dee (X) = oy ‘%Cdze(z) (T'(2)X)+ 377 j{C dze(z2) (T (2)X) (5.69)

This is just the holomorphic form of the Ward Identities for Quasi-Primary Fields in a
compact form!

Some key results about the conformal ward identity -

1. Indeed, the local transformation law of primary fields can be reproduced.
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2. For global transformations, this gives d.¢ = 0 as it should be! The infinitesimal form

of the projective transformation is

_ (1+a)z+p
f(z) = m (5.70)
€(z) = B+2az - ;/z2 +... (5.71)

The R.H.S of should vanish for above €(z). Then, R.H.S of equation M

should vanish, giving the following relations on correlators of Primary fields,

Z Ou,; <¢1 (w1) -+~ P (wn)> =0 (5.72)
Z (wz'&wi + hz) <¢1 (wl) Tt ¢n (wn)> =0 (573)
Z (wzzawz + Zwl'hl') <¢1 (wl) T ¢n (wn)> =0 (574)

-
The correlation functions satisfy the above relations! And in fact, there’san

relation between the form of correlation functions and the above relations.

We note the following important steps -

1. The Global sub-algebra is captured in Witt Algebra - which is the local conformal alge-
bra. Any calculation done using local algebra is also valid on the global algebra. So we

just do that and aim to see if we can get anything more than the global algebra results.

2. The Ward Identities of Global Symmetry is captured in Conformal Ward Identity -
which we will take to be valid for all the fields. Note that we haven’t used anywhere
that the local transformations are symmetries. However, we have derived the identity
using the transformation law of quasi-primary fields. We could extend this to all the
fields satistying the same transformation law (under local transformations), i.e. Pri-
mary fields. However, this identity is generally regarded as the definition of the effect

of local conformal transformations of any field. Let’s see what we get by doing so!
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So, the conformal ward identity tells us the effect of local conformal symmetry (since we
assumed it to be valid for primary fields, too). It also fixes the form of correlation functions

via global transformations.

5.3.2 Behavior of T(z):

We want the energy-momentum tensor to be well defined everywhere = 77(0) should be
finite.

Claim: 7'(z) should decay as 2% as z — oo.

Proof 1: EM Tensor has scaling dimension 2, and spin dimensionas2 = b = 2, h=2.

Underz » w = é (a global conformal transformation),

2
T (w) = ‘;—L: T(z) = 2*T(2)

So we must have as £ — o0, T'(z) — 2% So that T’(%) is finite.

Proof 2: Consider o, (1) which must vanish under Global Conformal transformation,

= —ﬁy{cdze(z) (T'(2))=0

Since €(z) is quadratic for SCTs, and the above relation should be true for the contour

4

circling infinity, 7'(z) must behave as 2 near infinity if no reside to be picked up, so that

¢ =0
5.4 Operator Product Expansions

Inspired by computations in the last section (and probably many more such calculations), we
represent the product of operators within the correlation functions by a sum expansion with
each term consisting of c-number function of z — w, which may diverge at z = w multiplied

to an operator which is non-singular at z = w.
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Note that the divergences in the correlation function at the contact terms reflect the in-
finite fluctuation of quantum fields at a precise position. Even the average of a field over a
. . ! 2 .
point diverges, too. [ ¢, = /V d-x¢(x) divergesas V' — oo.]
Recall equation This is a form of the expansions we are talking about. For a single
primary field ¢(x), this becomes,

T (2)p(w,w) ~ _Lw)ng(w, w) + ;ﬁwﬂw, w) (5.75)

(z (z —w)

similarly, the expansion for the product with the anti-holomorphic component of the stress
tensor. This expansion is valid up to regular terms. (Since Ward Identities do not fix the
regular terms.)

In general, we write the OPE of two fields 4(z) B(w) as

N {48
A(z)B(w) ~ Z %

n=—00

(5.76)

where the composite fields { 4B}, (w) are non-singular at w = z. For e.g. {T¢} =
Owp(w).

Actually, these are just fields as of now - Operator Formalism will come soon, and we
will use all this over there. (Next Chapter). We are thus now aware of the operator product
structure (between a stress tensor and a primary field of conformal dimension (5, »))within a
correlation function for an arbitrary 2d CFT. Let’s see this in a few basic examples admitting
scale invariance (thus assumed to be conformally invariant) theories.

Also, note that we never actually derived the scaling ward identity valid for 2d; we just
assumed the same d > 2 one is also valid here. There is a way to derive the ward identity

specifically for 2D.

S.4.1 The Free Boson

Start with the simplest CFT - free, massless, scalar boson ¢.
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S = %g/ d*xd,$0% ¢ (5.77)

where g is the normalization parameter.

Let’s first note the procedure for computing the correlation functions in the language of

Path Integrals. Assume the theory to be massive. The action can be written as follows,

s=5 [ dxdy90 40 090) (578)

with A(x, y) = gd(x — y) (9% + m?). This follows from a continuous generalization of
the calculation of moments using Gaussian Integrals.

Then, the 2-point correlator is given by (#(x)#(y)) = K (x, y) = A (x, y). This can
be rewritten as g(—&f + m?) K (x, y) = d(x — y). This is just the Green function for the
equation of motion. [We are already familiar with correlation functions being just the green
functions of the EOM!]

Rotation and Translation Invariance allow us to directly write K (x, y) = K (|x - y|) =

K (7). Integrating the above gives,

4 0
1= 2mg [ dop (-2 (6K () + 07K )
=2rg {—VK'(V) +m2/Vd,o,oK(p)} (5.79)
0

For m = 0, this gives K () = —ﬁ Inr-

(p(x)p(y)) = —% In(x — y)z + const. (5.80)

And for m # 0, differentiate equation to get the modified Bessel Equation -

K" (r)+ ;K’(r) —-m?K(r) =0 (5.81)
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We are interested in the solutions of the above equations that decay near infinity; this

allows us to write,

K(r) = %Ko(mr) (5.82)

where,

®  cosxt
K, (x) —/0 dtm, (x> 0) (583)

Atlarge 7, (mr > 1) K(r) ~ ¢ which is a generic feature of a massive field’s corre-
lation functions to decay over the characteristic length or the correlation length of % This
scale enters into the theory, making massive theories not scale invariant!

In holomorphic coordinates,

((2, 2)Pp(w, w)) = —é {In(z —w) +In(z — w)} + const. (5.84)

Which gives,

1

(0:¢(2, 2) dup(w, w)) = —% e w) (5.85)
(0:4(2, 2) 0 (w, D)) = _% . _1@2 (5.86)
(5.87)
Let’s focus on the holomorphic part of the above,
I$(2)0p(w) ~= —— —— (5.38)

47 ¢ (z - w)’
Recall that, Ty, = ¢ (9updp = 17,0 059079),

So, in complex coordinates, according to discussion around -
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T(z) = —27g: 00 : (5.89)

We have also gone ahead and normal ordered it for a vanishing expectation value in the

ground state. Normal ordering can be achieved via the following regularization procedure,

T(z) = ~2mg lim (0¢(2)dp(w) = (94(2)0¢(w))) (5.90)

T(2)0¢p(w) = —4mg: 0p(2)0¢(2) : dp(w)
04(2)

(2 -w)?

Expanding d¢(z) around z = w gives,

0¢(w) .\ 020 (w)
(z—w)? (z-w)

Compare this with equation to conclude that d¢ is a primary field with conformal

T'(2)0p(w) ~ (5.91)

dimension » = 1!

Note the OPE between two (holomorphic) stress tensors.

T(2)T (w) = 47r2g2 : 04(2)0¢(2) : 0p(w)dp(w) : n
_ 5 Amg i 0g(2)0g(w) :
(z—w)* (z—w)?
1
B 5 2T (w) 0T (w)
(z—w)4+ (z—w)2+ (z —w)

(5.92)

We see that 7'(z) is not a primary field with conformal dimension # = 2. There’s an

1
(z—w)*’

anomalous term proportional to

112



5 Conformal Invariance in 2 Dimensions

5.4.2 The Free Fermion

The two-dimensional Euclidean action for a free Majorana fermion is,

S = % g / d>x YTy 40, ¥ (5.93)

where y# are the representations of Clifford algebra {y#, y”} = 2»*”. We use the repre-
Y p g Yoy 7 p

sentation

7' = ((1) é) yi=i ((1) _01) (5.94)

for »*” = diag(1,1). Note that there is no usual 7 in the action because we have used
t — —it,and the 7 in ;/1 also reflects the Euclidean representation.

So,

#raera) =2 )

Expanding the action by writing the two-component spinor ¥ = ( -) A (v v¥)

gives,

S = g/ d*x(§ 0y + ¢ ov) (5.96)

Note that the equations of motion are - 0y = 0, 53& = 0 whose solutions are just holo-
morphic and anti-holomorhpic functions (%), ¥ (z). Now, as before, one can rewrite the
action as (so that we can make use of the Gaussian Integrals while calculating the correlation

functions) -

S = % / d*xd?yY;(x) A (x, y)Y () (5.97)
where, 4;;(x, 7) = g0(x = 9) (¥°7*),; 0
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Then the two-point function is given by,

Kij(x, y) = 47 (x,9) (5.98)

or,

,
¢(7°7) oK ) = 3(x = )3y (5.99)

which gives,

) 0\ (W (DY wm) Y(zHYwa))_1 [kt 0
2 (o &Z) (<,;(z, DY) (a2, w») - ;( 0 aL) (5.100)
(¥ (2, 2)y (w,w)) = Zﬁgz ! (5.101)
G oD@ o) = 3 f (5.102)
¥ (2,2) ¥ (w,0)) = (5.103)
This further gives,
0 Z v)) = L L 5.104
< z%(za z)xﬁ(w, w)) - _% (Z _ w)2 ( . )
1
<5 ¥ (2, 2) 0y (w, w)> = 7Tg G0y (5.105)
Let’s calculate the stress tensor as -
7% Z;a—LacD 2090y (5.106)
0L
T% = 255500 = 20§09 (5.107)
;0L _
T% = 2-5500 - 2L = -2y 0y (5.108)
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Note that the stress tensor is symmetric on-shell. A modification into an identically sym-

metric form doesn’t change the Ward Identities, so we need not modify!

T(z)=-27nT,,
=-7g: ¥ (2)¢(2) : (5.109)
= -7 g lim (¥ (2) 0y (w) = (¥ (2) 0y (w)))
(5.110)
Then,
T ()¢ (w)=-7mg:y¥(2)0yY(2): ¥(w) (5.111)
10y(2) 1 y(2)
e i o (5.112)
1
1A GO 4C)) (5.113)
(z-w)? z-w
So fermion field ¢ is a primary field with conformal dimension » = %!
And
T(2)T(w) = 7%g% : ¥(2)0¥(2) = ¥ (w) oy (w) : (5.114)
1/4 2T (w) 0T (w) (5.115)

CEmwt amw)? (2 w)
We see that the stress tensor is again not a primary field with / = 2, and the OPE con-

tains the same anomalous term as that of free Boson, but with a different numerical factor.
5.4.3 The Ghost System

1 v
S = Eg/dszw,&{‘c (5.116)
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The fields 4, ¢ are not fundamental dynamical fields. This system appears as a Jacobian
in some functional integrals of string theoretic applications. Thee fields &, ¢ are called (re-

parametrization) ghosts. Also, b,,, is traceless, symmetric and anti-commuting in nature with
the field ¢”.

The equations of motion can be straightforwardly seen to be -

0%bay =0,0%cf +0Pc* = 0 (5.117)

In holomorphic coordinates, letting b, = b, b3; = b (other components vanish in holo-

morphic form), the above equations take the following form -

0b=0,0b=0 (5.118)

0c=0,06=0,0c =—-0¢ (5.119)

We rewrite the action in a form that’s ripe for the use of Gaussian Integrals as -

1 , .
S=3 / dPxd® b, (x) A% (x, y)c* () (5.120)

with 45 (x, y) = %gé‘;’é\(x — 9)0#. The propagator is then just given by K = 47! -

%gSﬁf&VKfy(x, Y) =09(x = y)dup (5.121)

and in holomorphic form, this is -

Ly 1
0Kz = —0:——3p (5.122)

which gives
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5 Conformal Invariance in 2 Dimensions

(b(2)c(w)) = K (2, w) = L L (5.123)
TgZ—w
we thus have the following OPEs,
b(z)c(w) ~ L1 (5.124)
TgZ—w
(2)b(w) ~ ——— (5.125)
c(2)b(w e G- .
1 1
b(z)dc(w) ~ —”—g )2 (5.126)
1 1
0b(z)c(w) ~ — 5.127
(@elw) ~ s (5127)
(5.128)
We are, as usual, interested in the stress tensor; the canonical one is
1
wo_ uayv . uviap
T} 58 (b 0"cy — 7*b 54%) (5.129)
but this needs modification since it’s not symmetric. The modified tensor is
v 1 a )y va v .a via
T = Eg{w 0%y + 6740k + 06" — b ﬂaacﬂ} (5.130)
From which we write,
T(z)=mg:(20ch+cdb) : (5.131)

and we then get, using Wick’s theorem
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5 Conformal Invariance in 2 Dimensions

2b(w) N 0wb(w)

T(2)b(w) ~ ( R (5.132)
z—w -
—c(w) Owc(w)
T(z)c(w) ~ - e—w)? - (5.133)
T(2)T () ~ ——22 -+ ZT(“’)Z + ‘)T_(“’) (5.134)
(z-w) (z-w)* (z-w)
We note that the fields 4, ¢ are primary with conformal dimensions » = 2and b = -1,

respectively. Once again, we see that 7' (w) is not a primary field and contains an anomalous
term with a different numerical factor!

We obtain the so-called simple ghost system by subtracting the total derivative : 9 (¢b) :
from 7'(z) (and not changing any OPE between & and ¢).

Consider the modified theory as follows,

T(z)=mg:0dch: (5.135)
The new OPEs are,
oc

T(z)c(w) ~ (5.136)
z—w

T(2)b(w) ~ -2 . 9b(w) (5.137)
(z — w) < —w

T()T(w) ~ —2 4 2L @), 9T @) (5.138)

(z-w)® (z-w)® 2z-w
We now have the conformal dimensions for & and c as » = 1 and b = 0, respectively. The

numerical factor of the anomalous term in the OPE of 7" has changed, too.
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5 Conformal Invariance in 2 Dimensions

5.5 The Central Charge and the transformation of En-
ergy Momentum Tensor

From the above calculations, we are motivated to write the following general OPE of 7" with

itself,

5 N 2T (w) +3T(w)

(z-w)® (z-w)* 2-w

T(2)T (w) ~ (5.139)

o Here ¢, the central charge or conformal anomaly is a model dependent constant which
can’t be determined just by symmetric considerations, and requires short-distance be-

havior of the theory!

e Talking about the short-distance behaviour, note that we can deduce the (z — w)™*

C

behaviour from the Schwinger function (7'(2)7°(0)) = % after letting 4 = -5 in

2z 477
equation

e Scale invariance and Bose symmetry make const./(z — w)* the only sensible addition

to OPE!

e This also measures the number of d.o.f of the system since the stress tensors of de-
coupled systems just add up, resulting in a central charge, which is the sum of each

decoupled system. This can also be noted via the Zamolodchikov c-theorem.

So, the lesson is that 7°(z) is not a primary field. Using the conformal Ward identity,

0. T (w) = —ﬁ jgdze(z)T(z)T(w) (5.140)
= —1—1265“3,6(10) - 2T (w)oye(w) — e(w)d, T (w) (5.141)

Exponentiating this yields
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5 Conformal Invariance in 2 Dimensions

-2
T (w) = (j—‘:) [T(z) - é {w;z}] (5.142)

where, {w; 2} is the Schwarzian derivative given by,

(w2} = L lEE 3 (‘flz—jjz) (5,16
We can check its validity by using the infinitesimal form.
Properties of Schwarzian Derivative:
o Composition Law
U2 =w;z + (fi—j)zu;w (5.144)
3
w52t =(%2) (s} (5.145)

e {w:z}=0forw(z) = fzz:g, (ad — bc) = 1. That is, for global transformation, the

Schwarzian vanishes - which implies that 7°(z) is only a Quasi-Primary field.

5.6 Physical Meaning of Central Charge

The central charge describes how a system behaves with a macroscopic length scale - intro-
duced, for example, by ’boundary conditions’ or curvature’. In what follows we will describe

these two instances of breaking local conformal symmetry.

5.6.1 CFT on a cylinder

Consider a CFT on the whole complex plane, with coordinates z, Z. We can map this theory

to a cylinder by the following transformation,

L
Z o w= ﬁlnz (5.146)
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5 Conformal Invariance in 2 Dimensions

Under such a transformation,

dw L 1
w_ L ()= — 14
dz 2wz — {wsz} 222 (5.147)

So according to equation [5.142,

2
Ty, (w) = (27”) (7022 - |- (5.148)

If the vacuum energy density of the theory vanishes on the plane then we have (7;,, (w)) =
—2% meaning, the central charge is proportional to the change in vacuum energy density due
to the periodic boundary conditions of the cylinder (the Casimir Energy) - given by the scale

L. Note that this energy goes naturally to zero as we remove the macroscopic scale (L — oo).

5.6.2 CFT on a curved 2d manifold

When a conformal field theory is done on an arbitrary 2d manifold, there is a macroscopic
scale because of the Scalar curvature R. This makes the trace of the energy-momentum ten-

sor non-zero and proportional to the central charge

(Ty (%)), = ﬁR(x). (5.149)

Again, this vanishes when we remove the scale in the theory (R — 0) corresponding to

the flat space, where we have indeed derived this to be zero.
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Chapter 6
Operator Formalism of 2d CFT

In this Chapter, we will study the quantum structure of conformal field theory from a canon-
ical perspective. The path integral approach is helpful in general while considering the be-
haviour of correlation function under symmetries, but the operator formalism allows us to
use many algebraic techniques to learn about the QFT. Since we are dealing with Euclidean
spacetime, we will first start by choosing a time direction in our 2d space and defining the
inner product on the Hilbert space. We then define mode expansions and radial ordering
and relate OPEs to commutators. We will then derive the Virasoro Algebra between the
quantum generators of conformal transformations (on the Hilbert space). We then look at
how primary fields help us construct the descendant states from the vacuum (or the asymp-
totic states), which are Hamiltonian eigenstates and closed under the Virasoro generators,
forming a Module under Virasoro algebra (called Verma Module). We will explicitly realise
this structure by considering free massless bosons with various boundary conditions. We
will then go deeper into the structure of CFTs, by considering normal ordering for fields
which are not free, then obtaining the so-called descendant fields that generate the descen-
dant states when applied on vacuum. This leads to conformal families and the OPEs of
descendants with stress tensor. This makes the Operaror Algebra more natural, including all
the OPE’s regular terms. Two-point correlators are then considered, and using the symme-
try properties; the operator product coefficients are computed up to three-point correlator
coefhicients for which we need further dynamical input. The process of finding any n-point
correlation function is indicated and explicitly shown for the 4-point function, where we

express the form in terms of conformal blocks (which can be computed just by symmetries)
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6 Operator Formalism of 2d CFT

and the three-point correlators. Further analysis of the 4-point function naturally leads to
crossing symmetry (which is the dynamical input, so to speak), which might constrain the
three-point coeflicients - called the Conformal Bootstrap way of solving a particular CFT

completely.

6.1 Radial Quantization

In 2 Dimensions, the time direction can be chosen naturally to be the radial direction on the

complex plane, thus the name.

6.1.1 Map to Cylinder - Choose the time direction

By naturally - we mean the following:

We can compactify the space part of R as follows

t € (—o0, ) (6.1)

x€[0,L); x+27L =x (6.2)
And in complex coordinates, this takes the form

E=t+ix, E=t—ix. (6.3)

We map these coordinates onto a Riemann Sphere via,

z = exp (27;%) , %= exp (27r§) (6.4)

and we note that,
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6 Operator Formalism of 2d CFT

t—>—-oco=z] >0 = z2=0, (6.5)

t > 0=zl D00 = z > (6.6)

Thus, whenever we see 0 or co popping in the fields” arguments, we will talk about some-
thing asymptotic. So we essentially see that |z|, the radial coordinate on the full complex
plane (mapping from the cylinder), represents the time direction.

Like in any QFT, we will assume the existence of a vacuum state upon which the Hilbert
space will be constructed (via creation operators). And in any interacting field theory, we
hold the asymptotic fields ¢, o lim;—_o ¢(x, £) and ¢,y = lim; 00 ¢ (2, £) to be free.

And we define the asymptotic in-state as follows,

|¢zn> = Z,I;IBO ¢(z: Z) |0) (6.7)

6.1.2 Inner Product

Hermitian conjugate in Minkowski space doesn’t affect the space-time coordinates, but when

going to the Euclidean version, i.e. setting 7 = 7¢, we must reverse the time coordinate un-

1

der a Hermitian conjugation. Which translates to z — — in our coordinates. Thus, the

following Hermitian conjugation of the fields makes sense (on the real surface Z = z*),

s =% LY s

Z Z

where ¢ is a quasi-primary with conformal dimensions (5, b). Using these pre-factors

has the following advantages,
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6 Operator Formalism of 2d CFT

<¢out|¢z’n> = hm <0|¢(Z) Z)T?s(w: w)|0)

2,3,W,Ww

= lim 5 2hg% <0|¢(§,%)¢(0,0)|0>

2,2,w,w—0

- flfim E2 £ (014(£, £)$(0,0)[0)
o (6.9)

where we have let (@,,| = |¢m>Jr and used the form of two point correlator as (¢(§;, £)¢(0,0)) =
fzk 2 (already time-ordered). So (@,u:|4;,) is just a constant factor independent of £ and
thus well defined!

6.1.3 Mode Expansions

We expand the conformal field ¢(z, Z) with conformal dimensions (4, b) into modes as,

3(z,2) = > Sz, (6.10)

meZ neZ

This is just a Laurent series that respects conformal scaling. The modes are then given by

1 . 77!
h-1 —m—h
jzg #(z,2)2""" " dz = — 2z ‘75 Y
27i 27i el A
- 5

meZ

Perform one more integral over 2"h=1 45 ¢o write,

¢mn — L m+h 1 1 ‘?{d——;ﬁh 1¢(Z,5) (611)

271

From|6.11|and|6.8|we can get the usual expression,
g p

Bhin = P-m,n (6.12)
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6 Operator Formalism of 2d CFT

which also justifies the 4, b in the mode expansions.
The annihilation of the vacuum by the positive field modes can be obtained from the

well- behavedness of |¢;,) , [ Pous):

|¢zn> = zlélllo ¢(Z, 2) |O>

= lim > 2727, 10)

Z—
2,220 m,ne’l

Thus, in order to deal with the singular terms in the asymptotic limit; we let

Smn 0y =0 (m > by > —/5) (6.13)

We can lighten up the notation by hiding the anti-holomorphic dependence of the field,
keeping in mind that while there is Z dependence - in most of the cases, there is decoupling

between hol. and anti-hol. parts in 2d CFT.

$(z) ~ > 27" ", (6.14)
meZz
b = 2—71” j{ dzz""719(2) (6.15)

6.1.4 Radial Ordering and OPE

$1(z)p2(w) 2] > |w]|

(6.16)
$2(w)p1(z)  |z] < |w]

T $1(2)p2(w) = Rp1(2)po(w) = {
The Lh.s of an OPE must be radially ordered!

Consider the following integral, which can be evaluated via the corresponding OPE

f&lza(z)b(w):/ dza(z)b(w)—/dzb(w)a(z)
w C1 %)

=[4,b(w)]; 4= }1{ a(z)dz (6.17)
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6 Operator Formalism of 2d CFT

The contour Cj encircles 0, w with a |z| = |w| + € and C; encircles only the 0 with
|2| = |w| — €. We then take the limit ¢ — 0. Thus, the above is essentially an equal-time
commutator!

We thus write,

(4, B] = y{ dwy{ dzb(w)a(z) (6.18)

where 4 = 55 a(z)dz and B = f b(z)dz. Unless explicitly mentioned otherwise, the

contour integrals are around the point z = 0.

6.2 Virasoro Algebra

Recall the conformal ward Identity,

1 1 e r o e
dee (X)) = ~3— ‘%Cdze(z) (T(2)X) + 57 f; dze(2) (T (2)X) (6.19)

We can then define the conformal charge to be

Qe = 2—71”}{ dze(2)T (2) (6.20)

and we can see that the ward identity gives J,¢(w) = — [ Qe ¢(w)] !'So Q. generates the
conformal transformations on the Hilbert space.

We then expand the stress tensor into modes L,

1
T(2)= 3¢ 2L,, L= —— j{ 22T (2) (621)
e 271
e(z) = > 2" e, (6.22)
nezZ
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6 Operator Formalism of 2d CFT

similarly for T(2),é(z). Note that Q¢ = Xnez €nLy,. So, the mode operators Ly, L, are
the generators of the local conformal transformation on the Hilbert space. We had similar
generators (forming the Witt Algebra) on the space of functions.

We can derive the algebra between these generators using the OPE between the stress

tensors according to |6.18/and |5.139|to be as follows,

[Ln, Lin] = (n—m) Ly + é” (”2 - 1) 5n+m,0
[Lm Em] =0
m

[L-na ) ] =(n- m)zn+m + én (”2 - 1) 5\n+m,0 (623)

This is called the Virasoro Algebra. We note the additional central charge terms from the

Witt Algebra. But note that,

[Lz1, Lol = FLz1  [L1,L-1] =2Lg (6.24)

which is the same algebra obtained for Witt generators /_,o ;.
We can conclude that generators of S L (2, C) transformations (global conformal trans-

formations) on the Hilbert Space are again given by L_;, Lo, L1. Here also, we see that

Lo+ Lo generate the dilatations (2, 2) — A(z, Z) which correspond to the time trans-

lations. So the Hamiltonian of any CFT in 2D must be proportional to Ly + Lo

(Lo — Lo) generate rotations.

L., L4 generate translations.

L1, Ly generate special conformal transformations.

We deduce the above by noting the relevant non-zero terms in €(z), €(2).
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6 Operator Formalism of 2d CFT

6.3 Hilbert Space

We can deduce a lot of information about the Hilbert Space of CFT just by the Virasoro

Generators and the primary fields.

1. The conformal invariance of the vacuum = L_;; annihilates the vacuum state
|0). Since the Hamiltonian is given by Ly, this fixes the ground state energy to be zero!
Another way to achieve this is by imposing the well-behavedness of 7'(2) |0) , T(2)|0)

as 2, Z — 0. This gives us

L,]0)=0, L,|0)=0. (n >-1). (6.25)

2. Primary Fields acting on the vacuum create asymptotic states, also the Hamiltonian’s
eigen states. Using the OPE between 7°(2) and a primary field ¢(w, @) we have the

following,

[Ln, P (w, LD)] =h(n+1)w"¢(w,w) + w”+15¢(w, w) (n>-1) (6.26)
similarly with L,.

We define |h,) = ¢(0,0) |0) as the primary state or the highest weight state with the

following behaviour implied by equation|6.26),

Lo |b, by = b |b, b) (6.27)
Lo |b, by = b |b, b) (6.28)
L,|\h,hy=0, L,|h,hy=0 (n>0) (6.29)
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6 Operator Formalism of 2d CFT

3. Excited states of the states | , ) can be obtained by the raising operators ¢_,,, L_,, (m > 0)

which raise the conformal dimension » by m - where ¢,, are the modes of the primary

field ¢(w, @) defined in

| L, p(m] = (n(h = 1) = m) Gim (6.30)

[Lo, | = —mpum (6.31)

Thus, an excited state called the descendant state may be obtained as

L_p ...Ly |b), (6.32)

with 1 < k1 < ... < k, as a convention for the ordering. The conformal dimension
of the descendant stateis /' = h+k1+...+k, = b+ N, and we call N the level of the
descendant. The number of linearly independent N level descendants are just given

the partitions of the integer N, p(NN).

4. These descendant states are closed under the conformal transformations given by L,,.
The space of an asymptotic state |») and its descendants forms a representation/module

under the Virasoro algebra. This is the Verma Module.

6.4 Free Boson

Now let’s see all this manifest in the free massless Boson on a cylinder with a circumference

of L. We start with the following Lagrangian on 1+1 Minkowski Space,

L= %g/ dx((&l@)z— (ax¢)2) (6.33)

and with boundary conditions @ (x + L, ¢) = ¢(x, ¢). Since the field is periodic in space

with a period L, we can expand it readily using the discrete Fourier series,
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6 Operator Formalism of 2d CFT

o(x, 1) = >, ™ Lo, (1) (6.34)
nez
ooy =7 [ dxe o) (9] =) (6.35)

One can then rewrite the Lagrangian in terms of these modes to find out the conjugate
momenta and the Hamiltonian. We promote the fields into operators and impose the usual

commutation relation, [@1, Wm] = 70mn

1 . 27n\?
Tn=gLo_, (7| =m_) (6.37)
1
H= 2ol Zn] {mom) + 27ng)* 0,00} (6.38)

The above Hamiltonian describes a decoupled oscillator system with frequencies w, =
27 |n| /L.

Since here there is a zero frequency mode ¢y, the usual definition of ladder operators via

Gy = \/ZLT (wngsn + m*) (6.39)

doesn’t work. We instead define,

= {fz'\/ﬁd: (n > 0) (6.40)
iN-nrnal, (n<0)
. _l'\/%ﬁ—n (n > 0)
‘= {z'ﬁzz; (n < 0) (6.41)

and treat the zero mode @y separately. The commutation relations then differ from the

usual commutation rules obeyed by 4,
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6 Operator Formalism of 2d CFT

[ﬂm ﬂm] = NIp+m [dm ﬂ-m] =0 [ﬂ-m ﬂ-m] ”f;n+m (642)

We can then write the Hamiltonian as,

1 , 2z
=—7a+— >, (a—pa, +ad—,ay,) (6.43)
with
2 2
[(H,a.,] = Zma,, [H,d.n)=—mi, (6.44)
L L
2mw

So, a_, (m > 0) raises the energy of an eigenstate of 4 by 7=,

We can then express the field p at# = 0 as

o(x) = @o+ \/;z_g > % (an— doy) E7meIE (6.45)
n#0

One can obtain the Heisenberg operators (time evolution) of these fields via the Hamil-

tonian [6.43|to be,

20(£) = $0(0) + giLnot

a,(£) = an(0)e 2" "/L 7.(¢) = 4,(0)e 27 m/L (6.46)

We thus find the full mode expansion of the field at any time t to be,

1 ] 1 . .
¢(x’ l‘) = g0+ — ot + z Z - (ﬂn€2mn(x—t)/L _ d_n€27zm(x+t)/l,) (647)

g[’ V477g n#0 7

In order to realize the structure imposed by the 2D conformal symmetry, we must go to

the complex plane. We do so by first going to Euclidean space-time by taking # — —77 and

then mapping the cylinder to the complex plane via the familiar transformation,
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6 Operator Formalism of 2d CFT

— eZn’(T—z’x)/L

z g = (/L (6.48)

In these complex coordinates, the mode expansion of ¢ reads,

0(2,2) = g0 - ——moln(ed) + —— S Lar v az) (649)

47Tg \/47Tg n#0 7t

We immediately notice that this is far from the mode expansion of a primary field (6.14)),

$(2) = >, 277", (6.50)

nez

We already know that ¢ is not a primary field, but its derivative is. We find that,

1 m 1 —n—1
—+ a,z " 6.51

And thus we are finally motivated to define ¢ using the zero mode 7y,

10p(2) =

7o

a0 = d = 652
0 = do Wi (6.52)
which puts 70¢ indeed in the form of
10p(2) = 1 Z a,z "1 (6.53)
Varg ?

We note the conformal dimension / = 1. The case of 0@ () is similar with 5 = 1.
Although the field ¢ is not primary, it allows us to construct other primary fields - called

vertex OpCI’Q.tOfS:

V,(z,8) =: /4?9 (6.54)
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In terms of the field modes, the normal ordering splits the exponential into two exponen-
tials, one on the left containing creation operators and another with annihilation operators
placed to the right.

Recall from that 7'(2) = =27 g : 0¢(2)d@(2) : for the massless free Boson.

We can then compute the OPE of V,, with 7(z) by writing the exponential as a sum and

using Wick’s theorem,

o0

T(2)Vy(w,w) =— ZWgZ % 1 00(2)00(2) :: @(w,w)" :

7n=0
1 (l“) -\n—2
e (z - Z i o(w, w)" "
1 n
+— Z (”‘) n: 00(2)p(w, )" :
22
N (sz(wa w) + aw(‘/al(u)) w) (655)
87 g (z —w)? z—w
We thus note that V, is a primary field with conformal dimension » = %. It also

follows that / = 5 7[1 <

The OPE between these vertex operators can be computed by using the following rela-

tion,

st oA o it (i) (6.56)

where A1, A, are some linear combination of annihilation and creation operators. Ap-

plied this to field V, and ¢ gives,

Va2 2V, @) ~ |2 - wlPEImEY (w0, ) + - (6:57)
But Conformal Invariance fixes the form of such two-point correlation functions, i.c.
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2

h, = b{g = a°= (82 and we also impose 2 < 0 so that the functions are local and decay

with distance - so the above correlator doesn’t vanish for « = -4,

Vo2, 2)Von(w, @) ~ |2 — w2 +-- (6.58)

The general resultis that the z-point correlators of vertex operators vanish unless X =

We will now construct the Fock Space, where we will also see the role of Vertex Operators.

1. We first note that 4,, 4, are annihilation operators for » > 0 and creation operators
for n < 0. And since 7y occurring in the Hamiltonian commutes with all of the other
terms (4, 4,), we can label the eigenstates of Hamiltonian with the eigenvalues of 7.

We see that the vacuum is now a one-parameter family of vacua |¢) where « is the

eigenvalue of ¢ = 7o/+/47 g. That s,

azla) = a,la) =0 (n>0) where apla)=aola)=a|a) (6.59)

2. The energy-momentum tensor (holomorphic) is given by

T(2)=-2wg:0p(2)p(z):

1
=3 DR da, (6.60)

n,meZ

We immediately compare this with the mode expansion and write,

1
L, = E Z an-mam (n#0)

mez
1
Ly= Z a_pd, + Eﬂg (6.61)
n>0
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6 Operator Formalism of 2d CFT

And we recover the expected Hamiltonian form for a 2D CFT,

H = ZT” (Lo + Lo) - (6.62)

. We see that 4,, and L,, behave similarly to the Hamiltonian (or Ly). We construct the

excited stated by successively acting @_,, and 2_, on the vacua | ).

a”\a" - aMa e a) (nismj 2 0) (6.63)

. : 2 .
Note that |«) has a conformal dimension of %- given by the action of Ly! So, these

states are the eigenstates of Lo, Lo with conformal dimensions (eigenvalues)
1, , -1, _
bzia +Z]nj, b:za +Z]mj (6.64)
J J
This is, of course, reminiscent of the descendant states[6.32)
. The punchline of this entire construction is given by the following claim,
|2y = V,.(0)]0) (6.65)

The vertex operator, being a primary field, essentially creates an asymptotic eigenstate
of the Hamiltonian (the primary state or the highest weight state) from which we can

build the descendant states.

Using the mode expansions, we can now compute the two-point functions. We are

keener about the correlator of the primary field dg,

(P(2)dp(w) = 3 iwmamm-nw—m-l (6.66)
m,nE=
1 w\”
== § (;) (6.67)
_ ! (6.68)
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where we have used,

(apiy) = {(ﬂmﬂn +an, aml) = ndpm n>0 (6.69)

0 n<m

Note that we have used the holomorphic part of (2, Z) since it’s the only term that con-
tributes to the (d@) dp.
Differentiating equation with respect to z gives,

1

R (6.70)

(dp(2)dp(w)) = -

which is the same as the one we derived using the Path Integral formulation. We can

compute the vacuum energy density using,

T(z)= —% :00(2)0p(2) :
(1 () = =3 lim (Ot + 99 + 5 (671)

which is just zero in the light of And when we go back to the cylinder, we know

from our central charge discussion that we must modify this vacuum density as,

2
TN =55 (7] (672)

where we have used ¢ = 1. This allows us to fix the constants in L,

2in>0 d—ndp Plane
Lo= (6.73)
>0 d—ndy — i Cylinder

Hamiltonian on the cylinder is then given by,
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27 -

H = = ((Lodeyr. + (L), ) (6.74)
27 - 1

= g+ Lo— — 6.
7 ( o+ Lo 12) (6.75)
More generally, we note that,
27 - c
Hcyl. = T (LO + LO - ﬁ) (676)

where L are the modes of stress tensor on the plane.

6.4.1 Twisted Boundary conditions

Since, the Lagrangian is quadratic we can also choose anti-periodic (or twisted) boundary
conditions for the field @, i.e. @(x + L,#) = —@(x, ¢) This has the following effect on the
theory:

1. From the Fourier series, we can immediately conclude that ¢y = 0 and the summation

of modes is over half integers 7.

2. The ladder operators are defined the same way, obeying the same commutation rela-

tions as before but labeled by half-integers.

3. The field now is a multi-valued function on the cylinder. One can define the theory

on two Riemann Sheets when mapped to the complex plane.

4. If we define the operator G that takes @ to —@, via GpG™! = —¢ (i.e. G allows us to

move between the Riemann Sheets), then it follows that

GpGl=p = {G,p} =0 = {G,a,} =0; [G,H]=0 (6.77)
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And G* = 1 implies that every eigenstate of H is degenerate corresponding to +1
eigenvalues of G. So, unlike the periodic case where we had vacua for each « (corre-
sponding to V,), we have a doubly degenerate vacuum - |0,) , |0-) (corresponding to

G).

5. Goingback to equation we can rewrite this sum over half-integers instead for the
anti-periodic case to get

1 Jw 1

(p(z)op(w)) = —r|——— (6.78)
which, upon differentiating with z gives,
(0p(2)dp(w)) = —2 V2L VIE 679)

2 (z-w)’
6. We can immediately calculate the central charge,

T(2)T (w) = ;1 :00(2)09(2) :: dp(w)dp(w) :

(Velw +Vwfz) ) (VeTw + urz) : dp(2)dp(w)

111 1
4 | 4 (z—w)4 2 (Z—ZU)Z

~ —

-1/4 N 2T (w) . 0T (w) (6.80)

(z-w)? (z-w)?® (z-w)

So, ¢ = —1/2 for the anti-periodic boundary conditions. Note that we took the limit

z — w, which gives the complete form of the singularities.

7. With the two-point function the vacuum energy density on the plane(according

t0/6.71)) becomes,
1
(T'(2)=-31m() (6.81)

8. On the cylinder, due to the central charge we,

2
(T = = (2—”) (6.82)
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Zn>0 ad_npay + %6 Plane
Lo= (6.83)

11 .
Yn>04-ndn+ 7z — 75 Cylinder

Hamiltonian on the cylinder is then given by,

\®)

H = = ((Lo)eys. + (L), )
T 1

L A .
L(O+ 0+24) (684)

\®)

6.5 Conformal Families

We have adopted the following procedure of subtracting the vacuum expectation value from

the product of fields in order to normally order it,

. AB = (AB - (AB)) (6.85)

but considering fields like 7°(z), subtracting the expectation value only removes the lower

order singularities, and there is a remaining singularity due to the central charge,

. /2
:T(3)T(2) i~ lim (z‘_w)4

(6.86)

In this sense, fields like 7°(2) are not free. We generalize the procedure of normal ordering
to the product of such fields by subtracting all the singularities from the product expansion,
ie.

If the OPE of A, B is written as,

N (4B
A(z)B(w) = > %

n=—00

(6.87)
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then, we define the generalized normal ordering as

(AB) (w) ={4B}g (w) (6.88)
= lim [A(2) B(w) - C4(2) B(w)) (6.89)
- L f % Bw) (6.90)

27l Jyz—w

where the contraction C 4(z) B(w) now includes all the singular terms of OPE,

N
{AB}, (w)
CA(z)B = _—T 6.91
@B = 3 T (691)
With this formulation, we note that the OPE can be written as,
A(2)B(w) = CA(z)B(w) + (A(z)B(w)) (6.92)
where the regular part is given by,
_ (Z — w)k a/eA
(ABw) = 3 = (0" 4B) (w) (6.93)

Representing normal ordering in terms of the contour integral (6.90)) is very convenient.

We can apply some of these results on the OPE of 7'(z) and some arbitrary field 4(w)

to gain some insights,

First, expand 7'(2z) around w as,

T(2) = > (z—w)™"* L,(w) (6.94)
nez
L,(w) = 2—71” 75 dz(z — w)" T (2) (6.95)

then,
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T(2)A(w) = 3 (2= w) "2 (LpA) (w) (6.96)

nez
(L,A) (w) defines the regular composite fields in the OPE , which can be deduced
by comparing with the Taylor expansion and the singular terms of OPE for a primary
field,

bad(w) = d4(w)

TR dw) =+ (z—w)?> (z-w)

+(TA) (w) + (2 —w) (0T A) (w) +--- (6.97)

We thus note,

(Lod) (1) = b1 A(w) (6.98)
(L1 4) (w) = 0 A(w) (6.99)
(L2 d) () = = (I"TA) (w) (6.100)

Lo, L_1 clearly reflects the nature of scaling and translation generators. For primary
fields, (L,¢) = 0 forn > 0.

Using the contour integral version of the normal ordering and the mode expansions of
fields around arbitrary points, we can derive the following normal ordering between the

modes. If we write

(AB) (z) = X g7 hahs (AB),, we get:

(AB),,= > AnBu-n+ D, Bu-nd, (6.101)

n<—hy n>—hy

This expression is very useful because it allows us to compute the form of the composite
fields explicitly in terms of the modes of individual fields! Few of the composite fields are

familiar in the case of OPEs with 7°(2), and the above is the generalization to arbitrary OPEs.

142



6 Operator Formalism of 2d CFT

With the above machinery in mind, we can now understand how, for every descendant
state, there is a corresponding field descendant to the associated primary field. We already
know that the primary fields manufacture the descendant states, leading to an infinite num-
ber of (descendant) states. We see the correspondence as follows:

Consider a descendant L_,, |b) due to a primary field ¢, then,

Loylh) = Lo(O)10) = 5= = § dsz! T (2)9(0) [0 (6.102)

2P
= (L_,4) (0) 0) (6.103)
the last line follows from the definition |6.96
We then extend the above and define the descendant field associated with the state L_,, |h)

to be,

T
¢ (w) = (Long) (w) = 1 f dzM (6.104)

27i (z —w)" !

We connect the machinery of the normal ordering and OPE to note that the above fields

are just the fields that appear in the OPE of T{z) with ¢(w). So from|[6.9§]

¢ (w) = hp(w) ¢ (w) = dp(w) (6.105)
The importance of primary fields in a CFT is clear: these define the asymptotic states on
which we can build Hamiltonian’s higher conformal dimensional eigenstates. We now see
that these primary fields also have descendant fields. In particular note that, 7'(w) is a level
2 descendant of the identity operator (L_,I)! And d¢ is a level 1 descendant of the primary
field ¢. The set containing the primary field and its descendants is called a conformal family
(denoted [¢]).
A correlator of form ((L-,¢) (w)X) where X = ¢1(w1) ... gn(wn) is a collection of

primary fields, can be computed using the OPE of 7'(z) with primaries:
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(P " (w)X) =L, (p(w)X) (n=1) (6.106)
where,
3 (n—=1)b; _ 1

Similar result follows for higher order descendants corresponding to L_; L_, |0),

3 (w) = (L g L) (w) (6.108)
- 2_71“ }é dz(z = w) 7 *T(2)(L_,¢) (w) (6.109)
(TR k)W Xy = £ Lo (P(w) X) (6.110)

Since Lo, L_1 are the generators for dilations and translations, it follows that
6O (w) = (h+n) g (w) g0 (w) = 0,8 (w). (6.111)

The general result and conclusion of the above is that any correlators involving a collec-
tion of descendant fields and primary fields can all be converted to correlators of primary
fields, whose 2-point and 3-point forms are already restricted from the symmetries of CFT.
It follows from the definition that the conformal family is closed under conformal transfor-
mations, which are essentially generated by L,,. This translates to the statement that the OPE
between 7'(z) a member of the conformal family involves just the other members in it. In
fact, this can be made explicit by using the already known singularities in the OPE of 7'(2)
with itself in computing 7'(2)$™ (w). It is thus fruitful to organize a 2D CFT into con-
formal families, which are closed under the OPEs with the stress tensor, and any correlator

involving the descendants can be calculated using the correlators of primaries.
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6.6 Operator Algebra and Correlation functions

1. From above sections, it is clear that the problem of finding correlation functions in a
CFT boils down to the correlation functions of primary field. Symmetries allowed us
to restrict the form of the 2-point and 3-point correlators of such fields up to some

coefhicients. For the 2-point correlators, we had:

_ _ C1]
<¢l‘(wa w): ¢]‘(Z, Z)> = (6112)

(w - z)Zh (i — 5)21;'
which vanishes for fields with different conformal dimensions. The coefficients (which
are symmetric) are undetermined and can be chosen upon appropriate normalisation
of the fields such that C;; = d;;. This defines a notion of orthogonality between
two primary fields. In fact, this can be traced back to the orthogonality of the cor-
responding states of the Verma Module. Under a global conformal transformation,

w — oo,z — 0:

lim w? @ (¢(w, )¢ (0,0)) = (b, bW, ') (6.113)

w,w—00
The three-point function coefficients however remain undetermined.

2. While computing the correlation functions, the strategy of transforming the coordi-

nates to specific points like o0, 0, 1 will be heavily used in order to simplify the problem.

3. Our main strategy to compute the correlation functions between arbitrary primary
fields involves the operator algebra, which essentially consists of the OPEs of all the
primary fields with each other. For example, in order to compute the three-point co-
efficients, we consider the full OPE of two primary fields:

¢1(Z, z) ¢2(0, 0) — Z Z Cf;{kJe}Zh‘v_bl_h2+K51;})_];1_1;2+K¢;/€’/é}(0’ 0) (6.114)
P {kE}
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where we have basically expanded the product of two primary fields in terms of all the
other primary fields in the theory along with their descendants. K, K are the levels of

the descendants, i.e. K = 3; k;.

. Taking a correlation of this product with another primary field ¢, (w, @) with confor-

mal dimension (b,, E,). Transforming w — oo on the Lh.s gives,

(412082 = lim 0@ (¢(w,0)¢1(2,9$2(0,0) (6115

Cr12

= — (6.116)
zb1+ldz—b, zb1+b2—hr

where C,15 are the three-point coefficients. On the r.h.s of| after taking the cor-
relator, it is non-vanishing only for p = r, {, k} = 0, 0due to the orthogonality of the
Verma modules produced by the primary fields. So, we deduce that the coefficients
Cf)z{o’()} which correspond to the coefficients of the most singular terms in the full

OPE are equal to the three-point coefficients.

. Upon conformal transformation on both sides of equation|6.114} one can deduce the
natural separation between the descendant (and holomorphic, anti-holomorphic) co-

efficients:

{k.k} {k} 5pik}
Cfpz = Cﬁﬂfz ﬁfz . (6.117)

The above procedure can explicitly compute these s in terms of conformal dimen-

sions of all the fields and central charge. We set 185 10} to 1 as a convention.

. This demonstrates how a full operator algebra for two primary fields can be computed
by symmetry once we know the central charge, conformal dimensions of all the fields

and the three-point coefficients Cg, .
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6.7 Conformal Blocks, Crossing Symmetry and Confor-
mal Bootstrap

We can use the above operator algebra successively to compute any n-point function. Let’s

see this in the case of the 4-point correlator,

($1(21, 21) $2(22, 22) $3(23, 23) P4 (24, 24)) (6.118)

1. The anharmonic ratios which are invariant under conformal transformations gives a
convenient way to simplify the above problem. We canletz; = 00,20 = 1,23 = x, 24 =
0 under a global conformal transformation. Essentially, the existence of anharmonic
ratio fixes (equals) one of the points when all the other points are mapped to 1, 0, co.

The four-point correlator subsequently only depends on this point continuously.

So the correlator now equals,

zl,lz'ilnlmo zflylzl 1<¢1(Zl, z1)¢2(1> 1)¢3(x’ j)¢4(05 0)> = Gﬁ(x, -’E) (6119)
= (b1, h1lga(1, 1) @3 (x, %) ba, hs)
(6.120)

2. We now use the operator algebra of ¢3(z, 2)$4(0, 0) by separating the p, {/e, é} de-

pendent terms,

¢3(X x)¢4(0 O) _Z 34xhp }J3 h‘*xb]’ 193 174 Z Igp{/@} P{k} K - K¢{/€k}(0, O)

? !
(6.121)

we can denote the last term which is summed over {k, ,é} as ¥, (x, 10, 0).
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3. In this notation, the correlator reads,

Gii(x, %) = > CL.Cl A3 (plx, %) (6.122)
?

where we define A%}}( D) 3 follows (which also decouples into holomorphic and

anti- holomorphic parts)

AF(plx, %) = (sz)_lxbl’_hrb‘*aél;ﬁ_l;r/;‘*(hl, h1lg2(1,1)Y ,(x, £[0,0)[0) (6.123)

= P2 (pl0) T2 (1) (6.124)

where

stk g (Pil@a (D) Lgy -+ Logy|hp)

F2L( plx) = xPr P37 x 6.125
s (P1) 2.5 il (DIy) (6125)
where we have written (CfZ)l/ 2 as (b1]¢a2(1) |h,) from the previous section.
4. With this organization of terms, we write the final form of the correlator:
Gii(x, %) = 2 CLLCLTL (PO T3 (p19) (6.126)
P

5. Thefunctions 4 Z (plx, %) are called partial waves for their analogy with the scattering
diagrams used in perturbative QFTs. Using operator algebra between the states (0, x)
and (1, o0) amounts to summing over the intermediate conformal families analogous
to the intermediate states formed during the scattering of fields between such states.

We can diagrammatically represent this function as follows:

But note that there is no actual scattering process taking place in CFTs since there is no

notion of particles or wave packets separated by some distance due to scale invariance.
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k(%) 1)

i (o)
Aka(plx,x)

460 1(»)

.Figure 6.1: Diagrammatic Representation of partial waves Ai; (plx, £ analogous to scatter-
ing.

6. The functions 7';]; are called conformal blocks. These are the terms of the 4-point func-
tions, which are completely determined by the symmetries. Using the Virasoro alge-
bra, we can compute the numerator of which also eventually cancels out the
C {)2 term from the denominator. The coefficients 8 are already determined using the

operator algebra.

7. The three-point correlators remain the only unknown parts of the correlator. There is
another lurking symmetry lying around in this calculation. We could choose to trans-
form the points differently, which amounts to ordering the fields in the correlator in a
different way - this is analogous to the crossing symmetry in the scattering terminology.
Using this procedure, one can then obtain relations between the different G/{;s, con-
straining the unknown three-point coefficients and conformal dimensions. In certain
classes of 2D CFTS (minimal models) where there is a finite number of conformal
families, this procedure of constraining the parameters by crossing symmetry solves
the parameters completely, given the conformal blocks are already computed explic-
itly by conformal invariance. Such models are thus completely solved. This procedure
is called the Conformal Bootstrap. For example, consider the above 4-point correlator:
we can use global transformations to instead make z; = 00,22 = 0,24 = 1 and 24 is

fixed by the cross-ratio as 1 — x. This amounts to interchanging the fields ¢, and ¢4 in
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Figure 6.2: Crossing symmetry of 4-point correlators in the diagrammatic language.

the expression6.119 when writing the correlator in terms of G. There is also a change

in the argument of G, x — 1 — x. So we write,
G3i(x, %) =G5 (1 - x,1- %) (6.127)
Similarly if we interchange ¢1 and @4:

1
G2l(x,%) = —%Gﬁ*(l/x, 1/%) (6.128)

x2h3 72

One can express this crossing symmetry in the diagrammatic language again: for ex-

ample, the constraint gives,

D CLCL TR (Pl T (p1%) = 3 CLCLFS (q11 - 0)F5 (g11 - %) (6.129)
V4 q
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Chapter 7

Virasoro Symmetry in AdS

For an A4dS3, we have a 2-dimensional conformal boundary. And in 2 dimensions, we saw
that the conformal group is an infinite-dimensional Virasoro group. One of the key as-
sertions of AdS/CFT correspondence is that the isometry group of AdS is identical to the
conformal group on the boundary of AdS. In this short section, we will describe how this
identification can be realized between a finite-dimensional isometry group and an infinite-
dimensional conformal group in the case of 4dS3. Theisometries of 4d.S3 are just the group
elementsof SO(2,2) = SL(2,R)x.SL(2,R). We are familiar with the form of the SL(2,R)

elements, these are just

ax +§ € SL(2,R) (7.1)

f(x)=

cx +

which have a vanishing Schwarzian derivative,

Recall that in the Poincaré coordinates, the metric of 4d.S5 reads

2
ar=t (~de* + dx? + dw?) (7.3)

w?

with the light cone coordinate, x* = x + ¢, this becomes

2
ds? = L—Z (dx+dx_ ; dwz) (7.4)
w

The effect of the isometries on the coordinates can be found to be
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xt - f(x7), (7.5)

(7.6)

w — w\/; (7.7)

All the derivatives of / are taken with x*. The metric then behaves as,

2 17 " 7y 2
ds? = sz/ (f’dx+ [dx_ - wdw% - %wzz;—,dx_ + %wz (f—,) dx~
w

L? 2
== (dx+dx_ + F(x+)w?dx™ + dwz) (7.9)
w

with F(x*) = =1 {£, x*}, which clearly vanishes for f € SL(2, R).

Now, if the function /' is made arbitrary, i.e. F(x*) doesn’t vanish, we see that the met-
ric[7.9is modified in the bulk of 44d.S, but its asymptotic form (w — 0), is still invariant.
This shows that the asymprotic isometry group ot AdSs is just the conformal group of the
boundary (which is 1+1 dimensional).

So, to summarize:

o The isometries of AdS3 given by f € SL(2,R) act on the boundary as the global

conformal group of 1+1 Minknowski Space.

e The asymptotic structure-preserving isometries of Ad.S3 are given by arbitrary func-
tions / which act on the Bulk via -[7.7]and act on the boundary as the local con-
formal group of 2D Minkowski Space. A further analysis shows that the modes of the
generators of the above functions indeed obey the Virasoro algebra. This is expected
because we have already seen how arbitrary holomorphic functions in 2 dimensions

can be conformal transformations. Using light cone coordinates, the transformation
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x* — f(x%) is indeed analogous to performing conformal transformations on a com-

plex plane.
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Chapter 8
The AdS/CFT Correspondence

We now finally connect a theory in AdS to a CFT on the boundary.This can be done in
two equivalent prescriptions. Euclidean as well as Lorentzian cases of AdS (AdS/CFT) are

discussed.

8.1 The GKP-W Prescription

Discussed first in [11] and in [18], the following correspondence has been proposed in the

Euclidean signature of AdS.

1. CFT defoormations: The field ¢, which is obtained via ¢(x) — &;(x’) as the bound-
ary value of bulk fields act as the sources for the boundary theory by coupling to the
conformal fields O; (thus deforming the free theory) via fa $.0 adding to the free CFT

action. This will basically be fed to the generating functional as the current term.

2. CFT Generating Functional: We define the generating functional for the CFT corre-

lators through,
: 1 Lo . :
(6 =2 [ T1d5 0w+ 0y ) i) -+ )
7 17 k=1

= (exp /{) Z ggz-O,-) (8.1)
n-point CFT correlators are then obtained via,

0 0
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We get back the free CFT correlators if we take the functional derivatives at ¢; = 0.

The deformed theory will be a result of non-trivial boundary sources calculated from

the bulk fields.

3. AdS Generating Functional: In the bulk we consider the supergravity/string theory

o -~
partition function with the boundary condition, ¢ — ¢. In the classical approxima-

tion of supergravity we take,

Zs[¢) = exp (=I5 (9)) (8.3)

where the action I (¢) is computed over the classical solution ¢ obtained by extending
the solution ¢ on the boundary to the bulk. To do this we first analyse the classical
equation of motion for boundary behavior, fix the boundary behavior and compute
the bulk-boundary propagator (a Green’s function of EOM) to extend the solution.
The subtlety in Lorentzian AdS/CFT has to do with the boundary behavior of the

bulk fields, as we will see.

The Correspondence: The coupling hypothesis is already the part of correspondence,

the follows stitches the above things together,

ZIdlcrr = (exp ( / ¢O)> = exp (~Is (§)) = Zs[4] (5.4)

Using this prescription we now compute free CFT correlators for simple AdS bulk the-

ories.

8.2

Massless Scalar Field

Start with the action of free massless scalar field on 4dS;, 1,

1
1¢)=3 /A o A EUP0S (85)
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The equation of motion is,

1
Ve

Behavior of Solutions at the boundary:

a/t (\/?a#?f’(x)) =0 (8.6)

Claim 8.2.1. In the case of Euclidean AdS, any function ¢$() on the boundary of AdS;.;

can be uniguely extended to a function ¢(x) in the bulk.

Proof. Suppose ¢1(x) and ¢, (x) be two solutions of equationsuch that their boundary
values match. Then d¢(x) = ¢1(x) — ¢2(x) vanishes on the boundary and thus an equally

good but square integrable solution. O

Bulk-Boundary Propagator:
We now solve for the propagator, K (i, x”) satisfying[8.¢/for all x ¢ 0 and behaving like
a d-function when x € d and x — x’. Using this propagator we can then extend the definite

boundary solution to the bulk one as,

$(x) = /a A%’ K (x,5")$o(x'). (8.7)

We will use the poincare coordinates for the Euclidean AdS,

ds> =

1 d
> (dx)?. (8.8)
=0

(xO)Z #=
Where x° > 0. the boundary is given by x0 =0, the point at infinity, 2% = wisa single

point (ds> — 0). In these coordinates,

ﬁsﬁm g/w:(xo)zf;/”» Vg =

Following Witten’s, we will compute the propagator just by symmetry arguments. We

1
(Xo)d+1 ’

Luv = (8.9)

start with the boundary point at the infinity, i.e x® = 0, & — oo. Inheriting the symmetry
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from the metric and the boundary point, we expect K to be independent of x; and a function

of x° only,

1
o ((xO)d“) °K(x%) =0 (8.10)

Anansatz of K (x°) = ¢ (xo)p quickly yields, cx? as the relevant solution. We can trans-

form the above K = K (xo, xt, P) to afinite x” via an AdS Isometry,

x“
x”—> Z‘“ = m,‘uzo,...,n (811)
This gives,
K5 P) o K (2,7 0) = e 8.12
(x 5 X5 )—) (X,X,O)—CW ( . )
From the translation invariance on the boundary, we get the J-function at A=0%=x
as,
. (x9)"
K(x° % %) = EA— 8.13
N (F R ST &1
It is good to note the following result,
Proposition 8.2.2. A function of the form,
8
€
_— 8.14
(€2 + x%)= ( )
is a d-function if and only if, 0 < f = 2a — d.
Bulk Solution and the Classical Action:
We thus have,
d
) , (x°) ,
(:°, %) :c/ dx - @0 (%), (8.15)
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We now evaluate the classical action,

Suugral$($0)] = / dd“xﬂ $0%
= [ da30, (Vegorg) - 5 [ dixo. (Vgoke)
= lim ddx\/_gwo

e—0
- __ d,. jd /¢ (& )¢ (%)
_ cd / Al T (8.16)
We thus have,
Zlgolcrr = exp (%cd/ddxdd ’%Lj)(zj)) (8.17)
And the free 2-point correlator becomes,
Ay O 1 dyddy ,$o(J)¢o(7)
OO = 535 ,)[ ( cd [ diya S )]
o1 (8.18)
(% — &)™ '

which is precisely the correlator of conformal fields of dimension d. Thus a free scalar field

couples to a conformal field of dimension d, which could be directly predicted from the

coupling / ddxgbo() for conformal invariance.

8.3 U(1) Gauge Field

The calculation is exactly the same. We note a few critical steps.

Thebulk gauge field 4 (%%, %) (a 1-form) are computed with the boundary value 4, (&) =

a;(#)dx" (a 1-form on the boundary). Starting with the boundary point at infintiy P, we

again take the propagator to be dependent only on x% in the bulk. If for some 7 > 1,
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KD (x% % P) = £(x°)dx?, we find the functional form of £(x°) using the EOM. The
same symmetry arguments will yield the final form of the bulk-boundary propagator. The

bulk solution is then computed by extending each 4, (%) to the bulk using K @,

A (xo, x) - / A% ST KD ay(%). (8.19)

The end result s that the U (1) gauge field couples to conformal field of dimensions d 1.
This also follows from the fact that gauge fields are coordnate independent by defnition and
are AdS Isometry scalars. So the component functions of the gauge field have a conformal

dimension 1 on the boundary. Thus coupling to d — 1 dimensional conformal fields.

8.4 Massive Scalar Field

The action for massive scalar field in AdS is,

I(¢) = %/dd+lx\/§(3#¢3/‘¢+ mg) . (8.20)

Boundary Behavior of solutions:
The boundary behavior here is a bit more subtle compared to the massless case. To anal-
yse the solutions it is fruitful to work in the hyperbolic coordinates. Consider the following

metric on AdS,

ds* = dy* + sinh? defl (8.21)

where 0 < y < co. Note that dez g = sin gZdydety, where y is the metric on S4. THe

laplacian can be splitted as follows,

—sinh? y— - —— (8.22)
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where L? is the laplacian on the sphere. For large y i.e. on the boundary, the EOM reads,

d d
e_”@ (e”yd—ygb) = m*¢. (8.23)

An ansatz ¢*? works as the solution iff, 1 (1 + d) = m?2. With 1;, A_ being the solutions
of the quadratic equation, the behavior of the field ¢ near the boundary is dominated by

M) = (¢ )_L, the contribution from the greater root.

Proposition 8.4.1. ¢™7 was an arbitrary ansatz. For any function f with st order zero (sim-

ple zero) on the boundary, (v, %) ~ (f ( y))_'1+ B0 (%) can be taken as the boundary bebavior.

But note that the metric of the boundary is not fixed, there is a conformal class of metrics.
It can be induced by again a function with simple zero on the boundary (multiplied to the

bulk metric as a conformal factor). We thus have the following consequence,

Corollary 8.4.2. The function ¢.(%) (the cocfficient of a non-normalizable mode) is then
arbitrary due to the freedom in f ie f — ¢*OF. It’s a conformal field of dimension —).,

coupling to aconformal field of dimension d + A, in the boundary CFT.

This follows from noting the behavior of conformal fields under a conformal transfor-
mation, ds®> — A2ds> = ¢ — AZ¢. We then follow the same procedure as before to
compute the bulk-boundary propagator and the bulk field respecting the above boundary
behavior. We end up with the result that the massive scalar fields couple to conformal fields

O with conformal dimension,

A= % (d Va2 4m2) (8.24)

We can generalize these discussions to other fields as well, say for any p — f o7m. Massless
p — [orms have component fields with conformal dimension p, thus coupling to confor-

mal operators of dimension A = 4 — p. A massive p-form would couple to an operator
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8 The AdS/CFT Correspondence

with dimension A = d + A, — p, where 1, is the greater solution of 1 (d + 1) = m?. So,

(A-d+p) (A+p)=m?

A= % (d+\/d2+4m2—4dp+p2 . (8.25)

8.5 Lorentzian AdS/CFT

In this section, we will briefly summarize the work of [3] on Lorentzian AdS/CFT corre-
spondence. In Euclidean case we were able to uniquely extend the boundary solution to the
bulk, and then computed the classical action which gave away the CFT correlators through
the correspondence In Lorentzian signature, the important fact is that there exist solu-
tions of the wave equations which are normalizable and thus which fall off faster near the
boundary than the non-normalizable modes and thus not effecting the boundary behavior.
This creates an ambiguity in the bulk solution through which we relate to the boundary. The
major claim of the work cited is that the non-normalizable solutions are to be seen as the non-
fluctuating modes which dictate the boundary behavior, and importantly which couple to
the CFT operators - deforming the boundary theory. The normalizable modes on the other
hand are the fluctuaing modes in the bulk - which could be quantized. These correspond to

the states in the CFT as well.

Proposition 8.5.1. The solutions of wave equations in Lorentzian signature have vast possi-
bilities of solutions. We extract the fluctuating solution to relate to the states in the boundary
theory and the non-fluctiating mode as the boundary bebavior which couple to the CFT oper-
ators. In particular non-flucutaing/non-normalizable modes correspon to the deformations of
the CFT theory and the normalizable modes contribute to the VEV of the CFT operators due to

an excited state.

We can illustrate this in the scalar field case as follows
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In Euclidean case the bulk solution read,

$(x°, %) = /a K (xo, %, ae’) ¢y (2) (8.26)

In the Lorentzian case there is also a normalizable mode,

¢=¢n+/af<¢b=¢n+¢m (8.27)
We can compute the classical action . Then the relevant term that contributes to
the 1 point function (say) is given by the functional derivative g—g = (xo)_d+1 %, which

from above equation reads (taking the boundary limit ¢, — (x0)4 én),

¢ ONd-17 (= Ovd-1 i Pp(E)
So,
<¢5n | O|¢5n> = d?’gn(j) +Cd/ ddx/ﬂ)zd (8.29)
(x —x)

We see that there is an additional contribution from the normalizable mode.

Proposition 8.5.2. The boundary behaviour of the classical EOM of a scalar field ¢ in the
AdS as,

¢~ a(x")Th + B(x°)" (8.30)

in terms of the non-normalizable (a piece) and the normalizable (B piece) modes. Then pre-
scription of correspondence in the lorentizan AdS is that, non-normalizable modes are mapped

to the sources on the boundary deforming the CFT Hamiltonian as,

H = HCFT + a0 (8.31)
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and the normalizable modes are mapped to the VEVs or states of the boundary CF1,

(BIO\B) ~ B+ (acontribution) (8.32)

Turning off the normalizable mode, we get the VEV of the dual operator and a non-
trivial mode maps to an excited state on the boundary. The map from the bulk normalizable
(fluctuating) modes to the states in the boundary CFT can be explicilty realized by looking at
the representations of S L (2, R) X S L (2, R) which is the conformal algebra of the boundary
as well the isometry algebra of the bulk. We find that the normalziable modes can be realised
as the unitary representations where the non-nromalizable modes as the non-unitary repre-
sentations. The details of behavior of normalizable and non-normalizable solutions near the
boundary is explictly studied in the reference along with their belonging to different repre-

sentations.

8.6 BDHM Dictionary

There is a second dictionary for the correspondence. Instead of letting the sources couple
to the boundary CFT operators and computing the correlations via[8.4, we can extrapolate
the correlation functions of bulk fields to the boundary by suitably compensating the decay
behavior of the bulk fields.

For discussing a theory at infinity, we want to take a x — ¢ limit to the AdS field ¢(x).
And for a normalizable field, we know that ¢ — 0asx — co. But note that when there
are finite energies involved in a QFT, the fields have a universal behavior near infinity. For
example, the massless fields fall off as % and the massive ones decay like 7. A finite non-
vanishing field at infinity can then be obtained from these fields by compensating the decay
with a multiplicative factor and then taking the asymptotic limit. This is already clear from

the discussion on the behavior of fields in Lorentzian AdS (see|8.30)).
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Recall the discussion on approaching the boundary from section Consider Eu-
clidean AdS and approach the boundary as,

p(et) = % —ee”t (8.33)

which gives a Euclidean Flat space metric on the boundary. It ¢(x) is the field of a scalar

particle in AdS, we define the operator dual to ¢ on the boundary as,

0 (1,0) = lim 2LPLE O

lim 3 (8.34)
where A is the power involved in the boundary behavior of field ¢. The power A ensures
the conformal symmetry (AdS Isometry) is respected. Let’s call this operator, holographic

dual to ¢.

Proposition 8.6.1. Holographic dual Operator O (t, Q) has the correlators of a CFT on the

Euclidean space.

One can consider a massive/massless scalar theory in AdS to check this. In that case, it
is possible to explicitly solve for the fields using hypergeometric functions. We expect that
under the boundary limit, factored with a suitable conformal dimension, the calculation for
the CFT correlators simplifies drastically via the bulk theory.

So, the alternative prescription for AdS/CFT correspondence is that,

where ¢4, ..., ¢, are bulk AdS fields corresponding to a gravity theory with characteristic

conformal dimension A.
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Chapter 9
Conclusion: AdS/CFT and Geometry

We are now equipped with the basic conformal invariants, 7 (W ®- - -®@ W). The procedure
of finding other conformal invariants is, however, not yet clear. In the Riemannian case, due
to a classical theorem from Weyl (ala Ricci Calculus where we take covariant derivatives),

any Riemannian invariant can be written as a combination of 7 (VR ® - - - ® VR).

Question 9.0.1. How to produce conformal invariants? Can we write an elementary formula

like in the Riemannian case that gives us all the conformal invariants?

This question was partially answered by Fefferman and Graham in [9]. In doing so, they
have laid out a foundational theory for conformal geometry and also AdS/CFT which was
yet to be born. We will only sketch the ideas of these developments and connections in this
chapter.

Consider a Riemannian manifold (A4, g). We formally define (scalar, local) conformal

invariants as polynomials in g;; and 9, g;; satisfying the following:
1. If g and ¢’ are isometric, then P(g) = P(g’).

2. If g = A(x)g’ for a smooth positive function A, then P(g) = AVP(g’) for some

power or weight w.

This is reminiscent of the conformal fields in a CFT! We indeed wanted fields symmet-
ric/covariant (or as we define above with weights - 7zvariant) under conformal transforma-
tions.

Conformal boundary or conformal infinity can also be formally defined as:
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9 Conclusion: AdS/CFT and Geometry

Definition 9.0.1 (Conformal Infinity). Let M be a manifold with boundary and suppose
that a conformal structure [ g is givenon OM. Let f € C*(M andf > 0in M, f =0,df +
0in oM. Then a Riemannian metric g* on M ~ 0M is said to have | g| as conformal

infinity if for some number k > 0, f k g" bas a smooth extension to M, and when restricted to

ToM, f k g* € [ gl. This is independent of the choice of the function .

9.1 The Ambient Metric

The work of [9] was motivated by the following matching between the symmetry groups of

manifolds.

Motivation. The isometries of Lorentzian R™L1 40t conformally on the Sphere S”: Riemann

Rn+1,1

invariants of give the conformal invariants of S™.

This is because one can re-write sphere in projective coordinates ,

7+l xk:% n+l
. 2 — = 2 _ g2 _
G:> x7-1=0 — G: > §-&=0.
=1 =1
The metric on G of the Lorentzian type,
n+1

g= Z df/ez - dfoz
=1

restricts to the sphere G as,
n+l

g2 2
86 = é‘:0 Z dxz' .
=1
Clearly, the metric on S” is affected by a conformal factor when the metric 7 is preserved
by the isometries of G. FG showed that one can always construct such an ambient metric -
the restriction of which onto the conformal manifold is unique and given by a formal taylor-
series like expansion. It is also shown that, not only an ambient Lorentz type, but equiva-

lently an ambient Poincaré metric on a manifold of one dimension higher can be constructed
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9 Conclusion: AdS/CFT and Geometry

whose isometries again act conformally on the embedded manifold. This is precisely the sit-
uation in AdS. The isometries of the bulk act conformally on the boundary manifold which
has a conformal structure. So, one gets the conformal invariants for the boundary metric
by constructing Riemann invariants of an ambient/bulk metric. We state here the result for

Poincaré type ambient metric which is directly related to AdS/CFT.

Theorem 9.1.1 (Fefterman-Graham). Let M be a n-manifold with conformal structure | g].
And M* = M x [0, 1] where M ~ dM™* = M x {0}. A metric g* satisfying

a) g* has [g] as conformal infinity,
b) Ric(g*) = -ng*
can be written in certain coordinates (x*,. .., x", r) as:
gt=r [drz + g;fj(x, rydx'dxl |,

where r defines M € M* and (x', ..., x") forms coordinates on M. Along with (a), () if
we further ask for: (c) g:.’]. to be an even function with respect to variable r, then we have the

Sfollowing required results.

1. nodd. Up to a diffeomorphism fixing M, there is a unique formal power series solution
gt toa)c). If | ] is real analytic, then the power series converges so that g* exists and

r2 g* isanalytic up to the boundary; written generally as,
&~ QO g T gy 7 gy + 7 g F

2. neven. There are conformal structures for which there is no formal power solution of a)-
¢). However, if b) is replaced by: b’) Along M, the components of Ric(g*) + ng* vanish

to order n — 2, then there is a_formal power series solution for g* uniquely determined
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up to addition of terms vanishing to order n — 2 and up to a diffeomorphism fixing M;

written generally as,
gr ~ g0y + }"Zg(z) +- 4 r”_zg(n_z) + 7" gy + 7" logr b+ V”+1g(n+1) +...

Remark. Einstein’s equation fixes the power m related to the conformal infinity. There is a
coordinate system in which the metric g* is Poincaré type. The normalisation nin (b) isa choice

of convenience, and we are free to choose otherwise.

The formal power series can be explicitly computed using Einstein’s equations using a
representative boundary metric ¥ € [¢]. Using this it has been proved that in odd dimen-
sions, all local scalar conformal invariants can be computed. It has also been extended to even

dimensions after a little more work.

9.2 Connection to AdS/CFT

In the context of AdS/CFT, one uses this expansion to reconstruct the bulk (asymptotically)
AdS space. The log term in even dimensions is seen to be related to the conformal anomaly
of the CFT living on the boundary [5], which vanishes in odd dimensions! This allowed for
a holographic calculation of conformal anomalies of CFTs. The idea is to consider a bulk ac-
tion of gravity, including certain boundary and counter terms. Using the Fefferman-Graham
expansion of the bulk metric, and upon a suitable regularisation (and renormalisation) pro-
cedure, the conformal anomaly was calculated [12]. On the other side of developments. The
conformal anomalies of CFTs in arbitrary dimensions are proposed to be precisely the con-

formal invariants for the given conformal structure [6].

Proposition 9.2.1 (Desser-Schwimmer). The conformal anomaly of a CFT living on a man-

tfold of dimension d is given by a type A term, which is a topological invariant (Euler density
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in particular), and a type B term, which is a conformal invariant:
A ~ E(d) + /, (d)
All other terms are local and can be cancelled using appropriate counter terms.

In proving this, Desser and Schwimmer conjectured a certain global decomposition of
conformal invariants, which, using the language of Ambient metric, was proved in a series of
papers (and a book) in mathematics literature starting from [1]] with a complete proof finally

in 2012.

9.3 (Further) Directions

We end with a summary of the directions discussed in this thesis.

Gauge/Gravity ~ Stong/Weak Duality

(Holographic Entanglement
Entropy of CFTs...)

AdS/CFT
S
\_/ W

Ambient Metric Geometric Classification
of Conformal Anomalies

|

Global Decomposition

of Conformal Invariants
\\_) Conformal Geometry

(Tractor Calculus...)

Figure 9.1: AdS/CFT and (Conformal) Geometry
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From the physics point of view, AdS/CFT correspondence is a powerful tool to convert
calculations on CFT,; say, entanglement entropy. The basic (holographic) idea is to consider
different kinds of perturbations to the bulk theory, viz., perturbations to the bulk metric and
through the two prescription deuce how these perturbations couple/define the conformal
operators on the boundary.

For example, consider the following general scalar, vector and tensor perturbation to the

AdS;,

ds?> = U?[-dt* + (dx)?] dQ%

2

—+

T , v S
U (dl' dX) + m(df dx)d@ + md& .

Note that, U = ﬁ gives back the Poincaré patch coordinates on the free AdS. From the
discussion in section We note that the massive scalar fields in 4453 couple to a conformal
field of dimension A = 1 + V1 + m?. Similarly by a suitable analysis of vector and tensor
fields starting from their actions, one finds the corresponding operators of CF75. Using
this setup one can ask many questions abouta CFT in lower dimensions, by perturbating the
bulk theory appropriately. For example, one can compute novel things using the framework
of Holographic Entanglement Entropy introduced in [17].

From the point of view of Mathematics, conformal geometry is a rich field of research.
There have been large efforts to develop a more nataural way to do it. Like Ricci calculus
and Riemann Connections, there is a conformally covariant way to take the derivatives via
tractorﬂ connections. Knowing the invariants of a structure is a preliminary and crucial step
to understand the structure further. To produce conformal invariants (scalars, operators...)
more naturally using the tractor calculus has been a major focus of conformal geometry.
There is a notion of Q-curvataure which is anologous to the scalar Riemannian curvature.

More broadly conformal geometry fallsinto a larger study of parabolic geometry and cartan

ITractoris a portmanteau of Tracy Thomas and twistor.
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9 Conclusion: AdS/CFT and Geometry

connections. Some of the current problems include generalization of the Yamabe problem,
which asserts the existence of a constant scalar curvature metric that is conformal to a given
metric. It occurs in the attempts to formulate higher dimensional uniformization theorem
using constant scalar curvataure metrics. Conformal Geometry also plays an important role

in twistor theory approach to quantum gravity.
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Appendix A
Classical Symmetries in QFT

We discuss a general Theory of Symmetries and Conservation Laws in QFT. Consider a gen-

eral action:

S = / dcL(4,0:9) (A1)

We study the transformations affecting both positions and fields (active point of view):

x— x (A.2)

B(x) > ¢ (&) = F (4(x)) (A.3)

Under this transformation, the action reads

5 = / A4 £ (¢' (x'),a/;¢'(x')) (A.4)
dx’ ox”
- [ate1 552 (7. (30T @) (a5)
Examples:
1. Translation:
xX'=x+a (A.6)
¢ (x+a)=¢(x) (A.7)
S'=S. (A.8)
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2. Lorentz Tmng%rmatz’on:

X't = Ay

¢'(Ax) = Lpg(x)

(A.9)

(A.10)

L, a matrix representation of Lorentz Group on the space of fields, acts on the com-

ponents of @.

S = / dix L (LA¢> Ao (LA¢))

A as a matrix satisfies AT77A = 7.

(A.11)

For Ly = 1 (Scalar Fields): S* = S if d, appears in a Lorentz invariant way in the

Lagrangian. Allowing almost two derivatives in the theory gives the following most

general form of Lagrangian.

L(p0:9) =F (9) + g (§) g
3. Sclae Transformation:

x' = x

¢ (Ax) = 284 (x)

Where A is called the scaling dimension of the field ¢.

s =24 / dhe L (174,07 20,)
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So, for a (massless) scalar field:

Sl¢] = / d?x0,$9"¢ (A.16)

S =SifA :%—1. We are free to add any ¢” aslongas An =d = n = %,

preserving the scale invariance. The only possibilities for n being even and ‘ensuring

stability’aren = 6 whend = 3and n = 4 whend = 4i.. ¢6 and ¢4.

. Various transformations may be defined that only effect the field ¢ and not the coor-

dinates. For example:

#(x) = ¢ p(x) (A.17)
for a complex field. Or, more generally even,

¢’ (x) = Ryp(x) (A.18)

where R,, is some representation of a Lie Group parametrized by the group coordinate

w.

A.1 Infinitesimal Transformations

For any general infinitesimal transformation:

/t
¥ u=xt+w, ;zd (A.19)
4 ’ ST
¢'(x') = g(x) + Was— () (A.20)
{w,} - set of infinitesimal parameters.
Generator of infinitesimal transformations (of the field) - G,:
_l'waGa¢(x) = 5w¢(x) = ¢,(x) - ¢(x) (A.21)
) L oF
Z&)ﬂGdgb = &)dé\—wﬂ&‘u¢ - &)ﬂE (A22)
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Examples:

1. Translation:
dxt ‘. oF

5. =5 50 = O (A.23)

We thus have the generator for translations:

P,=~id,. (A.24)

2. Lorentz Transformation: Using Aff =x*+ a)f X7, Wpr = —Wgp 0 equation

X' = x4l x? (A.25)

Expand using the basis of antisymmetric matrices M 77 ( satisfies the Lorentz Lie Al-

gebra),
S =to ((M/"’)/“‘) (A.26)
2 ) po 2
Then,
1
oxt = EQN(MP”),/fo (A.27)
1 g ag 4
= EQW (;7M‘3,, -7 ‘“é\f) x
1 g a
e
oxt 1
= 2 (pPHET — Tl P
50, "2 (pP#x” — 57#xP) . (A.28)
Also, write,
1
F(p)=Lap~1- 77 SP. (A.29)

Where S#” is the generator of Lorentz algebra on the space of fields. Basically, it gener-

ates a Lorentz representation L on the space of fields, satistying the Lorentz Algebra.
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We thus have,
1. pv 1 VP _ P y? 1. pv
EZQPVL = EQPV (x70f — xF0 )¢+§ZQ/0VS o)
L =i (xf0” — x”0F) + SF”. (A.30)

A.2 Noether’s Thoorem

Action under an infinitesimal transformation is invariant only if parameters w, are x-independent.
“Rigid Transformations”.

Upto first order in w, note the following:

95" =0, +0d, (waé\i)

ox¢ ¢ dw,
ox"” oxt
| W |:1+6ﬁ(a)ﬂ§—wﬂ)
dx” ) dx”
g = O (w"ﬁ)
(A.31)
Then,
H“
S = / A4y (1 +0, (w‘;i)) (A.32)
dw,
oF
XL (CD + w, S [5; — 0y (ws (057 [0w,)) | (P + 0, [w, (OF [dw,)])| (A.33)

Now, the terms of 9.5 = §’—§ containing no derivatives of w, sum up to zero if the action
is symmetric under rigid transformation. And the terms containing the first derivative of w,

remain.

28 = —/ dxjfaﬂa)d (A.34)
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with,

[ R Sy S (A35)

) (2,2) Y9 ) (9,0) 9%
This is the current associated with the infinitesimal transformation

Integration by parts gives,

58 = / ddx(a# j;‘) W, (A.36)

For an on-shell configuration, we have 0.5 = 0, so

)

s =0 (A.37)

since, w, is arbitrary.
Thus every continuous symmetry = 3 conserved current (canonical)

Conserved charge associated to jf:

Qﬂ:/dd_lxjf. (A.38)

This is all a classical result, and says little about Quantum realization of these symmetries. . .
Energy Momentum Tensor - The GR way

Consider ‘general’ infinitesimal coordinate transformation:

X' = xF + e#(x) (A.39)

We identify the stress tensor through,

S = / dxT dye, (A.40)

Assuming 7#” to be identically symmetric,
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58 = / AT (due, + dyey) (A.41)
Now considering ¥ = x + € as an infinitesimal coordinate transformation on a pseudo-

Riemannian manifold with metric g,,, then

v _ 9%” a_xﬁ
& T g xSk

= (5;‘ - Que"‘) (552 - 31,6‘8) Zap

= Quv — (&‘uev + 57,6/‘) (A.42)

So,
1 v
98 =3 / dxT* 3 g,,. (A.43)
We thus have an alternative definition for T#” as the functional derivative of the action

w.r.t metric, evaluated at any given space-time!

Consider Scalar field theory on an arbitrary manifold, for example.

S = / dlx\g L (A.44)
-2 / AT (g dup0p + mP42} (A.45)

Now, use the following hefty stuff:

detd =", 3 gt = _ g o7 o 3\T = %‘/zg‘”(?gw (A.46)

And we find that

T# = g L+ 0¢$9" ¢. (A.47)

The Upshot of all this is we get an identically symmetric stress tensor! The downside of

all this is that the calculation can be involved/cumbersome.
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A.3 Rotation Algebra

Recall, the rotation and Lorentz (generalized rotations) algebras.
Rotations are just those transformations that preserve a given norm.
Consider usual euclidean rotations, that is dx? = 3, dxf.

Rotations:

dx’ = Rdx such that dx"* = dx?, det(R) = 1 (A.48)

Rotationsare just SO (D). Let’s find out the infinitesimal generators of this transformation.

R=I+eD (A.49)

D turns out to be anti-symmetric using[A.48] Such a matrix is simply generated (a linear

combination of) by

JI g (WW - smfsm') (A.50)

(mn) —
putting those 1s, -1s appropriately acrossat D x D Let Ry =1 + A,R, =1 + N.
Then,
RiRy=I+A+B+ AB
RyRi=1+A+ B+ Ba
(RyRp)™ = I + 4, B] (A51)
This gives us a reason to calculate the commutations :). It suffices to calculate commuta-

tion between the generators.

Now using equation it is easy to show the SO (D) Algebra.

[](m”>’f(pq)] =1 (Smpf(nq) + g S(mp) = (0 © q)) (A.52)

182



A Classical Symmetries in QFT

Consider the generalized rotations. These basically form SO (m, ), which preserves the

norm-ds: = 3" i =1(dx;))* = X" i = m+1(dx;)* = Nuvdxtdx”. det(R) = 1.

R=1+i0"], (A.53)

with

]/w(/w) =~ (9Pn7 = P57 (A.54)

We then have the SO (m, z) Lie Algebra as,

[](’””>’](M)] =1 (Wpf(nq) + IngS(mp) = (£ © q)) (A.55)

And the Poincaré Algebra is then evaluated by supplementing /,, with P, = 74,,.

[P P)] =0 (A.56)
s Pp] = (WPPV - 77”/’])/‘) (A.57)
Vo T | = # (1 + 1T = (2 ) (A-58)

A.4 On ‘exponentiating’ infinitesimal transformations

General Theory: An infinitesimal transformation of any generic field /' (x) can be consid-

ered as a 1-parameter variation whose infinitesimal form is known to be

fle)(x)=f(0)(x) +eG(x) + O(e%) (A.59)

Forafield ¢(x) in classical field theory, G(x) ~ G #(x), where G is the usual infinitesimal
generator for a given transformation. The finite effect of the transformation is then

given by the integral curve,

183



A Classical Symmetries in QFT

¢(e)(x) = G(x) (A.60)
And for a field theory, we have

d¢e(x) _

e —iGp(x) (A.61)

which defines the finite flow using the infinitesimal information viz. ‘Integral Curves’!
Exponentiating the Special Conformal Transformation:

Consider the e—variation of x:

x*(e) = x + £

We know £# for the special conformal transformation from table We will now derive
the finite form given in the same table.

We have,

X = xF + €2(x - b)xt — bPx?

(A.62)
Xe=X0+€ (Z(b.x)x - bxz) (A.63)
So, we want to solve the integral curve,
% = 2 (b.x,) xe — be? (A.64)
We use a magical change of variables:
Xe
y== (A.65)
Xe

This gives us,

184



A Classical Symmetries in QFT

j}:—b —— y:yo—gb (A66)

We can include the ‘extent of flow’ parameter € in the strength of & i.e. | & | itself. Which

gives,

y=2o—b (A.67)

From here on, we will drop the € notation on x,. And continue to write the initial x to

be x, Then,
X X
; = x—g - b (A68)
(A.69)
Note that,
X A
; =4 = x= E
We thus have,
Xo — bx?
X = 2 A.70
1+ x26%2-2(b - x) ( )
Scaling Dimension and A: Knowing that A ~ I,welet A = —/AT connect the scaling

dimension of the field with that of the scaling generator. We will show that this is right. It’s
almost trivial at this point, but let’s write things down explicitly anyway.

For scaling, we have a simple ¢ - variation,

x(e) =1+ex (A.71)
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Then, the finite flow is generated as,

dze(e =% (A.72)
= x(e) = x(0)ef (A.73)

But we simply write the finite scaling as x” = Ax, and we now deduce A = ¢. ‘Exponentiated’
indeed.

Now consider the € - variation of the field ¢(x),

P(x)(€) = p(x) — LeDP(x) (A.74)

We want to know the details of A. So, put x = 0. Then D¢(0) = A¢(0) by definition.

And also, let’s write A = —7A. This gives us the following infinitesimal flow,

#(0)(e) = ¢(0) — eAp(0) + €€ (A.75)
Finite flow is generated as:
dg(0)(e)
= =Ag(0) (A.76)
$c(0) = ¢/(0) = (¢7)" $(0)
¢'(0) = 274¢(0) (A.77)

So, indeed, the connection is rightly captured. In fact, even for Lorentz transformations
in 2 dimensions, we sort of get a similar scale-like factor, but for spin. ~ Spin dimension. We
will comment on that in the 2D CFT section. We considered the fields at ¢(0) and looked
at its exponentiation under scaling. What would be the result if we studied fields at arbitrary

positions? This, indeed, takes us to the next section.
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Quantum Symmetries in QFT

The main result of using Path Integral formulation to quantize a classical field theory is that

the correlation functions can be written as:

(@) ¢6) = [ 1Ag100) .. p(a)e (B.1)

in the Euclidean or Imaginary time setting. Under symmetry transformations (invariant ac-

tion), we have
(p(x1) ... g(xn)) =(F (¢(x1)) ... F ($(xn))) (B.2)

In reaching the above result, we have changed the dummy integration variables and used
the form along with the invariance of action. But also importantly, we have assumed
that the measure respects the symmetry [d¢’] ~ [d¢] - or that the Jacobian of such a change
of variables ¢ — ¢ is trivial (not depending on ¢). Equation [B.2|can be applied to transla-
tions, Lorentz rotations and scaling as follows:

Translation: x' = x + a

(B(x]) ... p(x7)) = ((x1) ... $(x)) (B.3)

Lorentz:(Scalar Fields) x'* = N5 x”

(B(A“x]) ... p(ASx)) = (p(x1) ... B(xn)) (B.4)

Scaling: x'* = Ax*

(p(Ax1) ... p(Ax,))y = 2780 78 (B(x1) ... B(26,)) (B.5)
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B.1 Ward Identity

Let X denote the product of n fields, whose correlator is given by,

)= [ dg1xest (B.6)

= 5 [1aa10x 4 301 dssionts
= %/[dgé]Xe—S[sﬂ + % / [d¢] SX Sl _ % / [d4] {/ dxﬁ/ljfa)ﬂ(x) +O(a)§)}

This gives,

(3X) = / ded, (G () X) 0a(x) (B7)

But through definition we also have,

0X = —Z'Z (B(x1) ... Gagp(x) ... P(x0)) wa(x) + O(a)i)
=1
= —z'/ dx w,(x) Z {¢(x1) o Gap(xg) . ¢(xn)} d(x — x;) (B.8)
all space i=1

Using this in equation we get the Ward Identity for jf:

P! n
F E@) (1) .. plxn)y = =1 D 0 (x —x7) (B(x1) ... Gagp(x7) ... (%)) (BI)
=1

The form of ;% may be modified from the canonical definition without changing the
ward identity by adding a divergenceless (identically without using the EOM) term. Basi-
cally, this gives us the idea of how the classical N oethers theorem translates into the quantum

theory within the correlation functions.
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Integrating the above identity overall space, including all x; makes the LHS vanish, giv-

ing,

O <¢(X1) cee ¢(xn)> = —iw, Z <¢(x1) <. Gﬂ¢(xl') <. ¢(xn)> =0
=1

Variation of correlator under infinitesimal transformations vanishes! This is basically the
infinitesimal version of equation (by just noting that 7 (¢(x;) = ¢'(x7)).

Ward Identity allows us to identify the conserved charge as the generator of the
symmetry transformation on the Hilbert Space of Quantum States!

First, let’slook at the calculation, and then we will recall the connection between Noether
charge and quantum symmetries.

Define the following,
o Q.= [d (),

o Y = ¢(x2)¢(xn);

Integrate the Ward Identity in a thin pill box -

t_ <t < ty such that x», . .. x,are excluded

—00 < X < 00

Start with L.H.S -

/ dxd, (A () $(xY) = / dicdy ()¢ () V) + / dxd; (1 (x)$(x)Y)

=/dt()[ <Qﬂ<t)¢(x1)Y>+/dr/W

= (Qz9(x1)Y) = (Q¢(x1)Y) (B.10)
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And the r.h.s reads - since the space includes only x = x1,

R.H.S=-i(G,¢(x1)Y)

and in the limit 2~ — £, of the operator formalism (where correlation functions are the

time ordered expectation value of fields), we have

(0] [Qu» #(x1)] Y10) = =7 (0| G (x1)|0) (B.11)

and since Y is arbitrary, we have,

[Q., 4] = -iG.¢. (B.12)
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